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Abstract

Vector-valued functions of new fractional Brownian motions are considered. The concept of stochastic
integrals are generalized. Formulas of Ito are also generalized. Some stochastic parabolic systems driven by
new fractional Brownian motions are studied. Uniqueness and existence theorems are proved. These findings
have potential applications in fields such as financial mathematics, where modeling with fractional Brownian
motion is relevant.
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1 Introduction

Let (Q,A,P) be a probability space, ( Qisaset,Wisaoc— algebraof subsets of 2,P: A -
[0.1] is a probability measure).

According to our previous results, [1,2], we say that a random variable X: 2 — R has a fractional Gaussian (or
fractional normal) distribution, if X has a probability density function f defined by:

—(x-m)?

F@) = [y 2u(6) exp(-~520)dg .

Where R is the set of all real numbers, 0 < a <15 {,(0) is the stable probability density function. The
properties of the function {,(8) can be founded in [2]. It is clear that X has mean m and variance

t
I(a+1)’
where I'(.) is the gamma function. In this case we write X is Na(m ) (see [2-5]).

Again according to our previous results, [1], we call a real valued stochastic process W,(.) a fractional
Brownian motion if the following conditions are satisfied:

i- oc(O) -
ii- W,(t) — wa(s) is Na(O ) forall0 < s <t,
iii- for all times 0<t; < < t, the random variables W,(t,) , W(t2) — Wo(ty), ..., We(t,) —

W, (t,_,) are independent, (with independent increments).

It is easy to see that:

E(W,(®) =0, EW() = L EW(OW,(s)) =

I‘(a+ 1)’ l‘(a+1)

Where E(X) is the expectation of X.

Let £%(0,T) be the space of all real-valued, progressively measurable stochastic processes G(.) such that
E(f, 6*dt) < .

The fractional stochastic integral fOT GdW  is defined in [1].

It is proved that:

_ Wi T
2 2l (a+1) '
ditw,) = tdw, + W dt,

T T T
J, (@G + bH)dW, = a [, GAW, + b [ HAW,, ,
E(f, GAW,) =0

E( [, GAW, [} HAW,) = ()E(f t*1GHdL) ,

T
for all H, Ge £L?(0,T) and all real numbers a, b.
2 Vectors of Fractional Brownian Motions

Let £1(0,T) be the space of all real-valued, progressively measurable stochastic processes F such that
E[f, |Fldt] <.
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Suppose that W,(.) = (WL(),.., W™(.)) is an m-dimensional fractional Brownian motion. We say that
Z™™ valued stochastic process G = (GY) belongs to £2,,,(0,T) if GY€L?(0,T). An R™-valued stochastic

process F(.) = (Fl(. ), ...,F"(.)) belongs to £1(0,T) if Fi(.) e £1(0,T),i=1,..,n,j=1,..,m

If G belongs to £2,,,(0,T) , then foT GdW , is an R™-valued random variable, whose i — th component is
s f) GidWl i=1,.n

If G € £2,,,(0,T) ,then by using our results in [1], we can write:
E[0TGdWx]=0, E[J0TGdWc|2]=E[0Ttx—1I'(a)G2dt, where |G]2=j=1mi=1n|Gij|2.

IfX(.) = (X*(.),...,X™(.)) is an R™ —valued stochastic process such that:

b b

X(b) — X(a) = fF(t)dt+jG(t)dWa(t),

a a

For some F € £1(0,T) , G € £2%,,,(0,T), we say that X(.) has the fractional stochastic differential:
dX = Fdt + GdW .

This means that:

m .
dXx: = Fidt + GiidW]a, i=1,..,n
j=1

uau au

Let u: R"X[0,T] — R be continuous, with continuous partial derivatives — ,i,
at’ ax, axlax

i,j=1,..,n, then a

direct generalization of our formula in [1] is given by:

ta—l
du(X(t),t) = —dt + 3 1ax dx: + o Ti= 1ax P Zym GG,

Where the argument of the partial derivatives of u is (X(t),t). (R is the set of all real numbers, R™ is the
n —dimensional Euclidean space), see [3-8].

3 New fractional Stochastic Parabolic Systems
Let W(.) be an k-dimensional fractional Brownian. We will henceforth take:
F(t) =AW, (s),0<s<1t),

The o — algebra generated by the history of the fractional Wiener process up to (and including time t).
Consider the following fractional stochastic differential system

du(x,t) = [Xq<2m Aq(x, )DTu(x, t) + f(x, t, uldt + g(x, t, W)dW.(t), t > 0, (3.1)
With the initial condition

u(x,0) = @(x), (3.2)
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(where x € R",{A, , |q| < 2mj is a family of square matrices of order k ,whose elements are sufficiently
smooth functions on R"x[0,T],q = (q4, ... q,) is a multi-index, |q| = q4 + -+ q,, D? =D}, .., D} ,D; =
% J=1,..,7,f, ¢ € R, gisasquare matrix of order k [9-13].

j

The elements of ¢ are continuous bounded deterministic functions on R".

Let us suppose that the real parts of the A — roots of the equation:
Det[(—l)mz A (x,t)a? — A1 =0
lql=2m

Satisfy the inequality:

RelA(x,t,0) < —§8|a|™, 6 € R",|6|*> = 05 + -+ 02,07 = 61 ..67" ,§ is a positiveConstantnstant and
I is the unit matrix of order n.

Following Edelman [14] we suppose that the elements of the coefficients A,, |q| = 2m, are continuous in t €
[0, T], moreover , the continuity in ¢ is uniform with respect to x € R". It is supposed also that these elements
are deterministic bounded on R"x[0, T] and satisfy the Holder condition with respect to x.

Under these conditions there exists for the system:

ov

E = Z|q|=2mAq(x; t)v;

a fundamental solution matrix Q(x, y, t, s) satisfies the following conditions:

Z—f,DqQ € C(R?*"x[0,T]x[0,T]), where C(S) is the set of all matrices with continuous bounded element on a
region S, also G satisfies the following inequality:

q A1
ID1Q(x, t,y,9)| < =

1
E(r + Iql)' |q| < 2m ) |Q|2 = Z§j=1(71i,j)2» G = (ni,j): [14]

—Ap|x—y|*™
t—s

FexXpAt> s A= x|? = x3 + -+ x%, A, A, are positive constants , g =

Now the problem (3.1), (3.2) can be written in the form:

u(x,t) = f Q(x,y,t,0)p(y)dy
o
t t

+[ [eceytsosuw.navas+ | [owy.tog0su0.9)ayaw,es) (3.3)

0 R" 0 R"
We say that an R* —valued stochastic process u(.,.) is a solution of the fractional stochastic integral system
(33)forx e R" 0<t<T, provided
(i) u(.,.) is progressively measurable with respect to F(.) for every fixed xeR"
(ii) (x,t,u) € L1.(0,T) , for every fixed x € R
(iii) g(x, t,u) € £2,,(0,T) , for every fixed xeR"

and u(x, t) satisfies equation (3.3)

Theorem. Suppose that f: R"x[0, T]xR* — R* and g: R"x[0, T]xR* — Z*** are continuous and satisfy the
following conditions:

(I) |f(x't'u) —f(x,t,v)| =< Llu_vl
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lglx, t,u) — g(x, t,v)| < Llu—v|,
Forall0 <t < T,xeR",u,v € R*

(i) If(xt,w)| < L(1+ [u])
lg(x,t,w)| < L(1 + [ul)

forall0 <t <T,x € R",u€R*

for some positive constant L

Then there exists a unique stochastic solution u € £L2(0,T), for every xeR", of the fractional stochastic integral
equation (3.3), (by unique solution , we mean that if w,u* € L(0, T), for every x € R", with continuous sample
paths almost surely , and both solves equation (3.3), then P(u(x,t) = u*(x,t), forallx e R",0<t<T) =
1.

Notice that hypothesis (i) says that f and g are uniformly Lipschitz continuous in the variable u. Notice also
that hypothesis (ii) actually follows from (i).

Proof. Let nus prove now the uniqueness. Suppose that u and v are solutions of (3.3). Then forall x € R",0 <
t<T,

t t
u(x, ) - v(x 1) = j f Q.6 9If (3 5,u(,9) — f(,5,v(y, 5)|dyds + f f 0x,y,9[9(y,5,u,9) — g(3,5,9(,)|dydW .(s).
0 R" 0 R"

It is easy to get the following estimation:

E{lu(x,t) —v(x,0)|?} < 2E {|f0t Jor QY. t,9)[f(y,5,u,s)) — f(,5,v(¥,9))] dyd5|2} +
28{| [y Jor @3990, 402.9) — 975,00, 9) | dydWe(s)] |

According to our results in [1] and the properties of the fundamental matrix solution Q we get by using
Schwartz inequality and the Lipchitz condition (i) the following estimation:

t sa—l

t
SuprarE(lu — v} < K | Sup,cwrE(lu—vP)ds + K | TSup,arB(fu — vP)ds,
0 0

for some constant K > 0andall0 <t <T.

Consequently,

t co—1

Supep Ellu — vI*) < K [ o sup. o Ellu — vl)as,

For some constant K* > 0andall0 <t <T.

Thus according to fractional Gronwall'lemma, we get u(x, t) = v(x,t) almost surely for all x € R",0 <
t < T. As u and v have continuous sample paths almost surely,

P(lu(x,t) —v(x,t)| > 0,forallxe R",0<t<T)=0.
To prove the existence, we define a sequence {u™(x, t)} by:
w1 (x,6) = [, Q(x, Y, £ 0Py + [; [, Qx, ¥, £ )f (7,5, u" (¥, )dyds + [, [, Q(x,y,t,5)g(y, 5, u"(y, )dydW o(s),

forn=0,1,..andx € R",0 <t < T, u’(x,t) = @(x). Define also
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d*(x,t) = E{u™(x,t) — u™(x, t)|?}.

For n = 0, we have,

t ca-1
d°(x,0) < 2E{ | [} [, LIQ(x,3,t,5)|(1 + |9()|dyds |} + 2E{| fo ﬁ(a) [ fR ey t)llg(y.s 0)ldy)ds.

Thus we can find a constant K > 0 such that:

d’(x,t) <K

r(a+1)’
It is easy to get by induction

n+1a
d*(x,t) < K**1 t

n+1’

n! (T(a + 1))
for some constant K > 0.

According to the Martingale inequality,
p p
E[MaxozicrluCe OF) < (055 ) Ellute 1P,

we get,

T(n+1)a

E[Maxggcr|u™(x, t) — u™(x.t)|*] < K™+ T

n!(I'(a+1))

Applying Borel-Cantelli lemma, we deduce that for every w € Q
n
u(x,t) = u(x, t) + Z[uf“(x, t) —w(xt)
j=0

Converges uniformly on R"x[0, T] to a stochastic process u(x, t).

We pass to limits in the definition of u™(x, t), to prove

u(x, t) = [, Qx,3,t, 0)pdy + [, [ @y, £, )f(¥,5,u(y,5))dyds + [, [ Q(x,¥,t,5)g (¥, s,u(y, s)dydW o(s),
Forall xeR",0 <t <T.

Let us prove now that the considered stochastic solution u is an element of £2(0, T).
We can find a constant K > 0 such that:

t sa—l

I'(a)

t 2
Bllw (0P < K+ KE([ 11 1000y,6.9)f(.5,u'0.9))layl] ds)+ KE(| 311 | 10Guy.t.0g(w ) ldylds)
0 RT 0 R™

Using condition (ii) and the properties of Q(x, y, t,s), we get by induction:
E{Ju™1(x,t)|?} < K,eX2t, for some positive constants K, K,,

Forall x € R",0 <t < T.Taking the limit as n tends to infinity we get the required result.
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4 Conclusion

New fractional Brownian motion is constructed. Some results of Ito about vectors of fractional Brownian
motion are generalized. Parabolic systems driven by new vectors of fractional Brownian motion are studied, see
[8-16].
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