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Abstract

The analysis of the dynamic buckling of a clamped finite imperfect viscously damped column lying on a
quadratic-cubic elastic foundation using the methods of asymptotic and perturbation technique is
presented. The proposed governing equation contains two small independent parameters (6 and €) which
are used in asymptotic expansions of the relevant variables. The results of the analysis show that the
dynamic buckling load of column decreases with its imperfections as well as with the increase in
damping. The results obtained are strictly asymptotic and therefore valid as the parameters & and €
become increasingly small relative to unity.

Keywords: Dynamic buckling; viscous damping; asymptotics and perturbation technique; column-like
elastic structures.
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1 Introduction

Buckling is a phenomenon associated with failure of column-like structures. Structures on non-linear elastic
foundations are commonly used in engineering applications and occupy a prominent place in structural
mechanics. These structures can also serve as simplified models for complex non-linear systems such as
columns, shells and plates. Globally, collapse of buildings, bridges and other material structures are issues of
concern. Structural failures are forms of material failures which are dangerous in nature and should be
prevented by all cost. Series of investigations and studies have been done by Engineers and Applied
Mathematicians to determine the maximum loads structures can carry before buckling occurs, yet buckling
of elastic structures remain inevitable. Structural elastic materials normally display certain tendencies of
failures and instability when loaded either statically or dynamically and one of the pre-occupations of the
Structural Engineers and Applied Mathematicians is the determination of the load which a given elastic
material can support prior to buckling.

A vast quantum of insights on dynamic stability of elastic structure has been achieved by subjecting these
materials to diverse dynamic loading conditions. These loads include, step loading, impulsive loading,
rectangular loading, triangular loading [1] and even periodic loading [1] and [2]. From these findings, it has
become firmly established that initial imperfections, and to a lesser extent, the loading duration, are some of
the main factors that have been seriously implicated as causative agents of reduction of the elastic strength of
these materials. [3] investigated the dynamic response of columns under impulsive axial compression. The
investigation has been carried out on clamped specimens, made of metals and composite materials, loaded
impulsively by a striking mass. In the theoretical study Rayleigh-type beam equations were assumed for a
geometrically imperfect column of a linear-elastic anisotropic material, and the numerical solution, yielded
buckling behaviour that correlated well with the experimental results. The results have shown that initial
geometrical imperfections, duration of impulse and effective slenderness have a major influence on the
buckling loads, whereas the effect of the material is secondary. Recent studies on dynamic buckling have
been directed principally on columns, beams, plates, spherical shells and cylindrical shells, and so, extensive
literatures (most often numerical approach), have since come to limelight. In this regard, mention must be
made of [4], who studied some important parameters in dynamic buckling analysis of plated structures
subjected to pulse loading, while [5] equally investigated the buckling of impulsively loaded prismatic cores.
In the same token, [6] studied the dynamic buckling of thin-walled composite plates with varying width-wise
material properties while [7] also investigated interactive dynamic buckling of thin-walled columns. We now
mention [8], who studied the dynamic buckling of thin-walled viscoplastic columns, while [9] similarly
investigated some aspects of dynamic buckling of plates under in-plane pulse compression. A study on
longitudinal step-wise loading was undertaken by [10], while [11] investigated triply coupled vibrations of
axially loaded thin-walled composite beams. An investigation on computational nonlinear stochastic
dynamics was undertaken by [12], while [13] discussed nonlinear stochastic dynamical post buckling
analysis of uncertain cylindrical shells. Similarly, [14] as well as [15], and [16] made excellent contributions
to the dynamics of dynamic buckling. An investigation into the dynamic effect of lateral buckling of high
temperature/high pressure offshore pipeline was carried out by [17]. In the same token, [18] investigated the
dynamic buckling and fragmentation in brittle rods, while a study on the vibration of nonlocal Kelvin-Voight
viscoelastic damped Timoshenko beams was undertaken by [19]. The study by [20] on non-linear analysis of
viscoelastic rectangular plates subjected to in-plane compression was insightful. [21] also investigated the
static buckling of infinitely column lying on quadratic-cubic elastic foundations using asymptotic approach,
similarly [22] analyzed the dynamic stability of a simple quadratic elastic model structure that is pre-
statically loaded but trapped by a step load using asymptotic approach. It is worthy of note the work of [23]
in which the static buckling of the same structure discussed here was studied. The following important works
on dynamic buckling analysis using asymptotic techniques are also worthy of note [24-27].

The dynamic buckling load of a viscously damped elastic structure trapped by a step load is a real life
problem and the governing equation is the mathematical generalization of some of the physical structures
encountered in engineering practice. This work aims at investigating, using asymptotic and perturbation
procedures, the dynamic buckling of a viscously damped but clamped finite column lying on a quadratic-
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cubic nonlinear foundation. In addition, the effects of light viscous damping as well as imperfection on the
dynamic stability of the structure are discussed.

The dynamic buckling load A, is defined as the maximum load parameter for which the displacement or
solution of the governing equation remains bounded for all time and is obtained from the maximization [1],

2y (1.1)

dug

where A is the load parameter and U, is the maximum value of the displacement of the column.
2 Formulation of the Problem

The usual dimensional differential equation satisfied by the deflection W (X, T) of the column under
consideration satisfies the following partial differential equation, as in [28] and [29],

moWorr + coWy + Wy + 2P(T) Wiy + Why - kgW2- ksW? = —2P(1) 27 7> 0 (2.2a)
0<X<m (2.2b)
WEX0) =0=W, (X0 =0, 0<X<m (2.3)
W =Wy = 0atX=0,1 (2.4)

where, m, is the mass per unit length ,c, is the damping coefficient, El is the bending stiffness where, E and
I are the Young’s modulus and I is the moment of inertia respectively.

Here the nonlinear elastic foundation exerts a force per unit length given by
Wk, — k,W? - k;W?3 on the column where k,, k, and ksare constants such that k;>0, k,>0 , k3>0. In
this formulation, all nonlinearities higher than cubic are excluded, while all nonlinear derivatives of W (X,T)

are also excluded. Here, W is the stress-free time independent twice-differentiable initial imperfection
displacement and all aspects of axial inertia are neglected.

3 Perturbation Procedure

To reduce equation (2.2) to (2.4) to non-dimensional form, we adopt the following quantities:

ke X ko L P(T) ki L _ k3t o ky k3 3
x=(3) X, w=(>):2zW f = = ()21 w =(2)zW, 26 = a= g = 3.5a
(51)4 ! (k1)2 » MO 2(E1k1)% 't (mo)z ' € (kl)2 ! ¢ 0k1)% ’ JVkika (k1)2 ( )

Here, we shall assume the following inequalities
0<d<<l, Okex< 1. (3.5b)

On substituting (3.5a) in (3.2) and simplifying, the following is obtained

W11+ 200 +0 gy F2Af (D 0+ 0 ~aw?—Beo® = ~26Af (1) T2 (3.6)
t >0, 0<x<n (3.78)
0 0=0=w, (x,00=0, 0<x<=un (3.7b)
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o=w, =0atx=0,n (3.7¢)
X

where, o is the displacement, t is the time variable, o is the damping coefficient, a and B are the imperfection
— sensitivity parameters, € is the amplitude of the imperfection, @ is a stress-free time independent twice-
differentiable imperfection and f(t) is a time dependent loading function while A is the nondimentional
amplitude (or magnitude) of the loading.

Here, a subscript following a comma indicates partial differentiation while @ is a twice-differentiable stress-
free imperfection and f(¢t) is a step load such that,

Fo={g 20 9

Here, it is assumed that § and € are two small but unrelated parameters that satisfy the inequalities as in
(3.5b). Our ultimate aim is to determine the dynamic buckling load A, which is obtained by using the
maximization (3.1).

Let,
T=">5t (3.99)
N 1
t=t+> [w(T)e + w,(T)e? + w3(T)e3 + wu(T)e* + - (3.9b)
where,
@ (0)=0, i =123, ... (3.10)
Let,
o t)=UXtr1,¢€9d) (3.10b)

From equation (3.10b); we have;

— (ov ot 9u ot ot du ot
We = (af'at) + (af 'ar'at) + (ar'at) (3.11)
=U;+ (wie + whe? + wied + ..U, + 68U, (3.12)
The following also follows:

Wy = Ug + (wi€ + whe? + wie+ ... )2 U s + 8°U + 2(wie + whe? + wied + - U + 26U +
26(wie + whe? + wie + ) U + 6(wie + wie? + wie’ + .U, (3.13)

Substituting (3.12) and (3.13) into equation (3.6) results to;

Ug + (wi€ + whe® + wie3+...)% U s + 82U + 2(wi€e + whe? + whe + - U + 26Uz,
+ 26 (wie + whe® + wie® + U + 6(wie + wie? + wie’ + . )U;
+ 28[U; + (wie + whe? + wie® + .Uz + SU |+ Uy + 24U, + U
”—

FaU? — Ut = —22e L2 (3.14)
- dx? '
Let,

Uk et) = X2, 22, UL (x, t, 7)€l s (3.15)
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=e(UAY + 5UD + 52002 4 ... ) + €2(U@) 45U 4+ 520@D + ...
+e3(UBY +5UCY + 52062 4 ... ) + - (3.16)

Here, the ij in U are not powers but superscripts. Therefore, the following orders of equations are obtained

0(): UG +USo + 2080 + 000 = 22 j—; (3.17)
0(e) : UGY + UL, + 22050 + vV = 2082 — 2089 (3.18)
0(es?): U + U + 22087 + 09D = 208 - 20§ -yl (3.19)
0(?): UZY + UL, + 22020 + U = —(aU19)’ - 20,04 (3.20)

. @D | D (21) _ (20) (20) an
0(e28) + UG" + Uyin + 20U + UGV = —2qUOUM — 2022 — 20 — 20iU3" —

SXXXX

(Uil U’(flo) _ Zwiuélo) (321)

. 17@22) (22) (22)
0(e26%) : Ugt” + Ui + 24U5Y + U
= U2 — 20057 - 207 - 20057 207U - 208V - 20,05

- {(ﬁ(ll))z +U(£0JU(12)} ' (3.22)
0(e®) : USY + USSR + 2203 +UCY = — ()2U5Y - 2(wi UG + 0y U5Y) -
20@0yaD) 4 g(yan)? (3.23)

0(e36) : UY + U, + 22050 + UGy
10 21 11 30 20 10
= —(@D?UG” - 2 (vl + wu i) = 2080 + 2(0 UG + wpu§”)
— (wyuf? + wy U'(f“’)) -2 {Uf“") + (wpuf? + wjt USO))}
— a(UAOYED 4 yaDYQRY) 4 35(yt0)*(YaD) (3.24)

0(e36%) : UG +USE, + 22087 + UG

~(@p?UG? - US” = 2(0UE + 0y P) - 208 - 2 (0 UEY + wyUEP)
— (U +0yuld) = 2(U8Y + iU + wpui) - 2047

- Za(U(lo)U(32) 4+ gy 4 U(12)U(20))

+B [(U(io))zu(iz) + 3000 (U(io))z] (3.25)

The associated initial conditions are as follows:

0(€): U (x,0,0)=0;i=1,23...,j = 1,2,3 ... (3.26)
0(e8): UV (x,0,0) + U (x,0,0) =0 (3.27)
0(e62): UM (x,0,0) + UT(x,0,0) = 0 (3.28)
0(e?) : ULV (x,0,0) + 0l (0UI?(x,0,0) =0 (3.29)
0(e28): UFV(x,0,0) + wi (U (x,0,0) + UV (x,0,0) =0 (3.30)
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0(e26): U (x,0,0) + wi (U (x,0,0) + UV (x,0,0) =0

0(3): U (x,0,0) + 0} (UL (x,0,0) + wp(0)UI” (x,0,0) = 0

0(e38): USP (x,0,0) + w;(0)UTV(x,0,0) + wy(0)US (x,0,0) +USV(x,0,0) =0

0(e362) : USP (x,0,0) + w} (MU (x,0,0) + w0V (x,0,0) + UL (x,0,0)
=0

The associated Boundary Conditions are
U =uP =0;x=0,n
4 Dynamic Deformation of the Column

Let
o = a,,(1 — cos2mx), where a,, is a constant,

And let
Ui (t,7,x) = ¥, U (£ 7)(1 — cos2nx)
Solution of equation of order €&, j=0,1,2

Substituting (4.1) and (4.2) into (3.17) gives

2(1 - cosan)U(lo) + {—16n* + 8An?% + (1 — cosan)}U(lo)

= —8Am?a,,cos2mx

Multiplying (4.3) through by cos2mx and integrating from 0 to © and for n = m, the result is,

T oo

f Z[{(l - cosan)cosme}Ur(llt?
0

_I_

=1
(10){( 16n* + 8An?)cos2nxcos2mx + (1 — cos2nx)}cos2mx ]dx

. ,— [T (14 cosdmx) —-8im?a,,
= f 8Am*a,,cos2mxdx = — 8Am amj > x = >
0 0

= —4im?a,

The left hand side vanishes for all n except where n =m. Thus, for n=m, it easily follows that

T o
fz {1 - cosan)cosme}U(lo)
0

n=1
+ {U,(lw)(—16n4 + 8An?)cos2nx
+(1
— cos2nx) U,(llo)}COSme ] dx
It is to be noted that, when n=m, then

(3.31)
(3.32)

(3.33)

(3.34)

(3.35)

(4.1)

4.2)

(4.3)

(4.4)

(4.5)
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Y
f Ur(llo)(—16n4 + 8An?)cos2nxcos2mxdx
0 s
= U89(—16m* + SAmZ)J- cos?2mxdx
0

s
=5 Ul (—16m* + 8Am?)

Thus, substituting (4.6) into (4.4), gives,

T
—S UG +5 (Clom + 8am)UGY — UL = —8im?ay, (3)

And this yields,

Ul + (16m* — 8Am? + UL + UL = 8im?a,,
Let,

16m* —8im? +1 = 6?2
Then (4.7b) becomes

(10) 277(10) (10) _
Um i T 6°U,, "~ + U, = 8Am?a,,

Initial conditions are
Ui?0,0) = 0; USP(0,0) = 0
Therefore, the solutions of (4.7d) is

U,(nlo) = a,(t)cosOt + B, (t)sinbt + B

8Am2a,

where, B =—27:

The use of initial conditions gives

8Am? am

a,(0) = —

B =0
Thus
U0 = g9 1 — cos2mx)

From (3.18), we have,

0(e8) = UGY + UGS, + 22050 + 0V = 2082 — 2089

SXXXX

Let

[ee)]

yan = Z U8 (8, 7)(1 — cos2nx)

n=1

(4.6)

(4.7a)

(4.7b)

(4.7¢)

(4.7d)

(4.7e)

(4.71)

(4.79)

(4.8)
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Z[U(n)(l — cos2nx) + (—16n* + SAnZ)U,(lll)COSan + (1 — cosnx) U,(lll)]U,(lw)

ntt

= —2[U$?. + USP](1 - cos2mx) (4.9a)

mtTt

Multiplying both sides of (4.9a) through by cos2mx and integrating from 0 to 7 and for n=m, gives

T o
J- Z [{(1 — COSan)COSme}Uflltlt)
0

n=1

+ UMV{(~16n* + 8An?)cos2nxcos2mx + (1 — cos2nx)}cos2mx Jax

—Z[U(lo) + U(w)]f (1 — cos2mx)cos2mxdx

mtTt

zU‘r(nlg-i_ (-16m* + 8Am?) UL — sznll)—

—2(UlP. +UliP) (-3) (4.9b)

mtTtT 2

Further simplification gives

(11 (11 (10) 10)
USH + (16m* — 8Am? + DU = —2(US T, + US] (4.9¢)
e
11) 11) _ 10) 10)
Ul + 020l = —2(UlY + Ul (4.10)

The initial conditions are
UiP0,0) = 0; USP(0,0) + UGY
Substituting for U,(nlo)on the right hand side (RHS) of (4.10), from (4.7¢) gives

Ur(nlg + 02U = —2[—0a)sindt + OB cosOF + (—Oa, sinbf + 6B, cosOt)]
= =20[—(aj + a;y)sindt + (B; + B)cosOt] (4.11a)

To ensure a uniformly valid solution in £, implies equating to zero the coefficients of cos8t and sin8t on the
RHS of (4.11a). Therefore, the coefficient of cos@1 gives

Bi+B=0 (4.11b)

The integrating factor is e , then,

de*py) _
) g (4.11¢)
This gives,
Bi(t) =Ae™™ and B;(r) =0 (4.112d)

Similarly, the coefficient of sint gives,

a +a; =0 (4.11e)
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This gives,
a;(0) = —a,(0) = Band a;(t) = —Be™" (4.111)
o USY = q,(t)cosOf + B (4.119)

The remaining equation in (4.11a) is;

Uil + 02Uz =0 (4.11h)
UMY = o, (v)cos + B, (T)sindt (4.12a)

From U (0,0) = 0,
a,(0) =0 (4.12b)

From U 2(0,0) + U5y =0,

B,(0)6 + a;(0) = 0 and B, (0) = — L2 = =2 (4.12c)
L) _ (1)
~ Uy =Upn (1= cos2mx) (4.12d)

From (3.19); the next equation is

0(e6?): 0GP + UG, + 22002 + v0D = —2u8Y — 208 — v ”

£ XXXX
Substituting for US Y and U from (4.11g) and (4.12a) respectively on the RHS of (3.19), gives

uls + 02us?
= =2[-0%(1)sindt + 085 (t)cosOt + (—Oa,(t)sindt + 06,(1)cosHt)]
— Y(t)cosOt (4.13a)

= 20%5(t)sinft — 20 ,(1)cosft — Oa,(1)sinbt + 6B,(7)cosOt — | (1) cosOT

= (205 (1) — 20a,)sindt + (208, (r) — 2083 (x) — {(1))cosbi) (4.13b)
To remove secular terms in the solution ofU,(nlz), ie to ensure a uniformly valid solution inf implies equating
to zero the coefficients of cos@t and sinft on the RHS. These respectively give

cosOt: —2(0B; +6B,) =1 =0

And
sinft : —2(—0% — fa,) =0
, _H , 3B
P+ By =2 and [B5(0) =2 (4.13¢)
ahtay =0 (4.13d)

Therefore, from (4.13),

a,(1) =0, (4.13e)
And from (4.13d),
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Bo(m) = e[~ 752 ds + B, (0) | (4.13f)
ie

Bo(m) = e[~ TS5 ds - 2] (4.13)

2 USY = B, (1)sindt (4.13h)

Equating the left hand side (LHS) of (4.13a) to zero,
ie
Ul + 02u5Y =0
The Initial conditions are
ui?0,0 =0, US?+UlP0,0) =0
2 USD(E,1) = as(1) cos O & + Bs(1)sinbi (4.130)
Applying the initial conditions,

a3(0) =0, B3(0)=0 (4.13))

US2(0,0) = 685(0) = 0

B5(0) =0 (4.13K)
2 U2 = U821 — cos2mx) (4.131)
From (3.20),

20 20 20 2 r77(10
0(e?) : USY +USR + 2U0%0 + U@ = —(aU19)” - 20jU 5"

XXXX

Let,
U@ =y2  y@9 ¢ 1)(1 - cos2nx) (4.14)

Substituting (4.14)into (3.20)gives ;

2.

n=1

UC? (1 - cos2nx) + (—16n* + 8An?)U Y cos2nx
+(1 — cos2nx)UZY ]
= —a(U,%O))Z E — 2cos2mx + %cos4mx]
- ZwiU(IO)(l — cos2mx) (4.15a)

m,tt

Multiplying both sides of (4.15a) through by cos2mx and integrating from O to @ and for n=m, the result
gives;

10
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[~ U2 + (~16m* + 8BAMHUEY (g) (gum))]

2 m,tt
/[
= —a(U$”)’ |- 2(3) - 205052 (5 a] (4.15b)
i.e,
g[ USY + (~16m* + 8amAUR” — UT”| = [Z(U(lo)) + 20, UL (4.15¢)

Simplification of (4.15c) gives,

2 ,
USY + (16m* — 8am? + DUTY = - [2(US")" + 201U (4.15d)
And this further gives,
2
Ul + 0203 = = [2(U5”) + 20U (4.16a)

The initial conditions are,
U$?0,0) = 0,U2(0,0) + w'(0)USP(0,0) = 0

Next multiplying equation (4.15a) by cos4mx and integrating from 0 to © and for n=m, the result gives;

~TUE0, + (—256m* + 322m?) (D)UY — (D) U2 = ~a(UL)” (2.5) (4.16b)

2m,tt

Simplifying (4.16b) gives;

U294+ (256m* — 32am? + DUEY = (U(“’)) (4.16¢)

2m,tt
Let,
= (256m* +32Am? +1) > 0 (4.16d)

Therefore, (4.16¢) becomes

(20) 277(20) _ (10))?
U2m it Un =9 (Um ) (4.17)
The initial conditions are,

Uz (0,0) = 0; UL(0,0) + wjUSL(0,0) = 0

2m,t 2m,t

On substituting for Ufnlo)on the RHS of (4.16a), the simplification is

U0 4 QZU(ZO) —[{2a(a,cos8t + B)?} + {2w} (—a;cos08)}] =

2m,tt

— [2a {(7 + BZ) + 2BaycosOt + a;alcosZGf} + Zw’l(—alazcosef)] (4.18a)

To ensure a uniformly valid solution inf, we equate to zero, the coefficients of cos26on the RHS of (4.18a).
That is,

11
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_[ZB(XI - 20.),192(11] =0 (4.18b)

' B

B
sy =g e = [ gde (4.18¢)
The remaining part of equation (4.18a) for U,(,fo) is

U + 6202 = 1y + 1,cos26t (4.19)

m,tt

2
where, 7, = —2a (L + B2) , 1(0) = —3aB?
r, = —aa?,r(0) = —aB?,15(0) = 2aB?,1{(0) = 2aB?

U,(,fo) (£, 1) = a,(1)cosOt + B,(7)sindt + % - TIC:;ZZGE (4.19b)
From the initial condition,
(20) -0 i O _mno_
U”(0,0) = 0; i, @, (0) + 2P -5 =0
. _r 79(0) __ 8aB?
way(0) = 2 - 1D = 22 (4.19c)
. L . (20) (10)
Applying the initial condition, U,';"(0,0) + w'(0) + U, ;"(0,0) yields,
B.(0) =0 (4.19d)
Simplification of (4.17) yields,
2 2
UL+ 02US” = =[ (2 + B2) + 2Baycostt + <L cosoE] (4.20a)
L USY(t,7)
= ag(1)cospt + Bs(t)singt
2
(%"‘Bz) ZBa1c059t+ a?cos20t 120D
2T - e - (*+:200)
From the initial conditions,
UZY(0,0) = 0; UL(0,0) + wiUS1(0,0) = 0
2
e (0) + (% + B? ) 2Ba, a? B
FE T T e T 00 " 2(p7 —467)| T
(—+B ) 2Bay a?
~as(0) = po @209 T 20p7-207) =0fatt=0
i.e
3B? 2B?
as(0) = ‘z[ﬁ‘ 5+ o 462)] =B2S, and s (0)= 0 (4.20¢)
_( s, _« __ «
where, S, = ( 207 + 00D 4((/)2_462))

12
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2 U = g1 — cos2mx) + ULY (1 — cosdmx) (4.20d)

2m

From (3.21),

0(e28) : USY + UG, + 22080 + U@V
20 20 ’ 11 " 10 ’ 10
= —2qUOUMD — 2y %Y — 202 — 20 UG - w0y UL — 205U

i.e
UEY + UG+ 22030 + U = —2059(1 — cos2mx) USSP (1 — coszmx) — 205 (1 -
cos2mx) — ZUSg)(l —cos2mx) — 2w} Ur(nlg(l — cos2mx) — wy Ur(rig)(l — cos2mx) —
20, U8 (1 — cos2mx) (4.21)
Let

UGy = Z UM (¢ 1)(1 — cos2nx)

n=1

Substituting into (4.21) gives,

Z[U(m(l — cos2nx) + (—16n* + BAnZ)U,(lZD cos2nx + 1- cosan)U,(fl)]

ntt
n=1
= —ZaU,(nm)U,(nﬂ) E — 2cos2mx + %cos4mx — 2U7(nz‘2(1 — cos2mx)
— ZUr(nzlg)(l —cos2mx) —2wj Ur(nl_g(l — cos2mx) — wi’Ufnl‘g)(l — cos2mx)
— 2005901
— cos2mx) (4.22a)

Multiplying both sides of (4.22) through by cos2mx and integrating from 0 to 7 and for n=m, gives;

[~ 2 U2 + (—16m* + 8AmHULY (3) + (-5 UE)]

2 mit 2 2
a0 an (_T o) (_T (20)
~2aUOUi? (=5) - 2050 (- 5) - 2Us;
- Ty oy (T ng@0) Ty o ipao (T (4.22b)
(_E) —awiUp 7 (_z) —wi U, ¢ (_E) — LWV ¢ (_E)
Further simplification of (4.22b) yields,
Ul + (16m* — 8Am? + 1)UL
_ (10);7(11) (20) (20) s 17(11) 1r77(10)
==2aUp, "Up, " = 2U, 3, — 2U " = 201U, 4 — 01Uy
— 20U (4.220)
The above finally yields,
(21) (1) _
Upst 0%U,, " =
(10),,(11) (20) (20) 7 pr(11) 1ryp(10)
—2aU,, U, ™~ — 2Um_fT - ZUm‘f - 2w1Um_ff —w Uy —
201USY (4.23a)

The initial conditions for (4.33a) are,

13
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UEP0,0) = 0; ULP(0,0) + wi(0)USY (x,0,0) + ULY(0,0) =0
Next, multiplying (4.22a) by cosdmx and integrating from 0 to 7 for n =m, gives

[-Zu2h, + (—256m* +322m?)U2) (Z) - Zue)| = 205 U (5) (3) -

2m,tt 2m \3 VAL

(20) (20)
Z(UZm,f‘r + Um,f ) (4.23b)
S+ 02 UG = auSOuSd + 2(Ul)) + US) (4.24)

The initial conditions for (4.33b) are,
UEP(0,0) = 0; UZH(0,0) =0

Substituting for U?, UV and UZin (4.24) yields

Ul +62U3Y =

m,tt
~2aUp " UpV = 20,75 = 2000 = 201U — iUy —
201UGY (4.25a)

a By . . s o . 20r{sin20t
—Za( > sinft + Bﬁzsmet) — 2| —Ba,sindt + 6B,cosOt + 3z
207, sin26t

302

— 2w} (—a,0sinft) (4.25b)

-2 (—9a4sin9f + 0B, cosOt + ) — 2w} (—6?)B,sinft — wi (—Oa,;sindt)

To ensure a uniformly valid solution in, £, we equate to zero the coefficients of cos8t and sin6¢. This
yields respectively,

268, — 208, =0 (4.25¢)
aBB, + 260a; + 20a, + 20%w;f, + wiba; + 2wia,0 (4.26a)
SR+ B =0 (4.26b)

Solving (4.26e) yields,

Ba(t) = B4(0)e™™ = 0 since B,(0) =0 (4.26¢)
Solving (4.25d) yields,
ay+a, =p (1) = %(aBﬁz —20%w1 B, — wi0a; — 2wia,0) (4.26d)

(@) = e~ [ [[epatsras + a0

~ay(0) = p;(0) — a,(0) (4.26e)
where

14
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a,(0) =22 (4.26)

— 2 2
aj(0) = =+ - (4.269)

) _ “5aB? | 4B® _ pp(-Sa 4\ _ po
ap(0) ="+t =B (392+6)—B % (4.26h)

where, V = (302 + )
The remaining equation in (4.25a) becomes,

U(ZI) + 62 U(21)

m,tt

7, + 1308260t + 1,5in26% (4.261)
with the initial conditions,

UpP(0,0) = 0; ULP(0,0) + wi(UGY + UZP(0,0) = 0
where,

= ayay; 1,(0) = a;(0)a,(0) =0
T3 = aa;a,; 13(0) = aa;(0)a,(0) = 0; 13(0) =0,

—SaBZ

ry = [aesBy + 2 (@ + ad)|; 14(0) = [a(=B) (F) + 22 (-B.B + B2)| = > 1{(0) =

The solution of (4.261) becomes

UV (#,7) = agcosOF + Besindt + g_zz - (W) (4.27a)

with the initial conditions, ag(0) +25— 7> =0

“ag0) =252 =0, B0 =0 (4.275)
From (4.24),

UED 4 2y = a[ 1B,

am it sin26t + B,stmet] + Z(U(zo) + U(ZO))

2m,tt 2m,t

=a [ 12'82 sin20t + Bﬁzsinet]
S . —20aiBsinft  20(a?)'sin20t o
+2 [—(passmqot + Bipcospt + T8 207 —467) + {{—passingt
+ Bscosot
—20a,Bsinft

2 (pz _ 92

20a?sin20t

2(p* —46?)

(4.28a)

To ensure a uniformly valid solution in , £, we equate to zero the coefficient of cosptand singt

15
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20P5 +2¢Ps =0 = P+ s =0 = B5(0) = —Ps(0) (4.28b)
—2¢ai; —2¢pa; =0 = as +a;=0= ag(0) = —as(0) (4.28¢)
(4.28d)

Bs = PBs(0)e™" =0, a5 = as(0)e™"

The remaining equation of (4.27a) is:
_{—9(a§)’+a%}] sin26t =

(21) (21) _ -26B asf
Upmie T 92U, [aB[)’Z ( o 92) (a7 + al)] sinft + [ — TS
T5Sinft + 1gsin20t (4.29a)
where,
Ts = [aBﬁz @ 226:2) (a + a)] = aBp,,since a; +a =0,
' _ p. _ _ [a@iBz | [-6(ai) +ai
@ = B; 15(0) = 6 [ + {2(<p2—4¢92) }]
. _ [eai(0B2(0) | [-0(af@)'+ai(O] _ B« B%0a 5
=~ 16(0) = [ 2 z{ 2(92-462) }] =% T 4(p2-402) 51 (4.29b)
a ab
where, S = (% + m)
rscoset recosOt (4 30)

U2(21) = a,(t)cospt + B,(t)sinpt + =— poarY + por

The initial conditions for (4.30) are

U2P0,0) = 0; UZL(0,0) + UL2(0,0) = 0;

2m,t
615(0)cosdt n 2014 (0)cosOE n C(é(O)COS(Df n - [a;tt:l

= —@a;(0)singt + @, (0)cospt + === o467
2BOajcosft | 2aja cos20f] _

@262 2(p2—462) ] =0 (4.31&)
@ a,(0)=0 (4.31b)

Similarly, the following is obtained
0r5(0) . 2676(0) aj(0)a,(0) | 2BOaf(0) |, af(0)a,(0)
»p7(0) + 25 oz T (pszz s(0) + ;[ 2 (p; wZ—tﬂ (;2_4;2) =0 (4.32a)

07.(0) 29r6(09)2 2 (0)

B0 = - 2| 4 27
a;(0)a;, (0)  2BOa;(0) a;(0)a;(0)
: 2 < @? P2 —02 (@2 - 492))] (4.32b)
l.e
a a a 20aS$,; ) 4320

as,
=BZ(_0 - — —
£ (0) 0 2% 2a(p? — 467 alg?—67)  plp? - 467)
So far, it follows that
16
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Uy = U,(nzn(l —cos2mx) + Uz(fnl)(l — cos4mx) (4.33)
From (3.23),

22 22 22 20 l 12 21 ’ 12 rypp(11
0(e26%) : USY +USD, + 24037 = —Ul” - 2007 — 2070 — 201057 - 207U —

LXXXX

2U'(521) _ ZwiUéﬂ) _ {(U(“))Z + U(w)}

> UG + Ul + 24080 = — [U$2(1 — coszmx) + Ugia, (1 — costmx) + 2] UL 2(1 -

XXX m,TT 2m,TT
cos2mx) + 2{ Ufj?f(l — cos2mx) + Uztfi)h(l - cosme)}+ 207 Ufi%)(l — cos2mx) +
2
2{U$?(1 — cos2mx) + Uz(fnl)%(l — cos4mx)} ++ ZwiUig(l — cos2mx) + (Ugl)) {3 _
2cos2mx + %cosﬁ}mx} + Z{U?%O)ng)} {% — 2cos2mx + %cosﬁ}mx}] (4.34)

Let

ye» = Z U%?(t 1)(1 - cos2nx)

n=1

The LHS of (4.34) simplifies to,
S [UZZ (1 = cos2n) + (—16n* + 81n?)UP? + UP? (Lcos2nx) | = RHS of (4.34)

Multiplying (4.30) through by cos2mx and integrating from 0 to w and for n=m, we have,

Bl g U2 + (—16m* + 8Am?)US? (%) + (‘ % AS 2))
= (D)0 + 205088 (- 2) #2052 () + 2000 () 4 2020 (- 0)
++ 201U P (- g) + a(UGDY (_2_—7”)
+atfV0 (<2 (4.352)

Further simplification of (4.35a) gives

/s
(22)
-
2

m,tt

+ (16m* — 8Am? + DHUE?

VA
= ——[—U(ZO) — 20 U080 = 20%) =20/ USY - 20%P — 204USY

2 mzt m,tt mtr

+2a(US)2 + 2aUSOUS?)] (4.35b)
Further simplification of (4.35b) yields

U2 4 g2y?® = [U(ZD) + 20002 12020 4 207Ut 4200 4 200l —

m,tt m,rT m,tt m,ft m,f

2{ W™ + U,fj")U,EjZ)}] (4.35¢)
The initial conditions for (4.35c) are

UE?0,0) = 0; UL2(0,0) + wi(0)USY + ULY(0,0) =0
Next from equation (4.34) for n=2m, let

17
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[ee)

U2 = Z U%? (1 - cosdmx)

n=1

Multiplying (4.34) through by cos4mx and integrating from 0 to  and for n = 2m, gives

a 2 T
EUZ(f:)”+ (—256m* + 32Am*) UL — ZUZ(f,f)E{(U,S}“) +(UIUE) (5)) @36

This further gives

U+ 92U = ~H{(US)” + (USOul?)) (4.36b)

2m,tt

The initial conditions are

UZ2(0,0) = 0; UZH(0,0) + wi (UL + UEP(0,0) = 0

2m,t 2m,t

On substituting for terms in (4.35c) and simplifying, the result is

’ 'rl"caszﬁf

U2 4 GZU@z) =— [{(x4 cosOt + — —} + 2wi{—6%azsindf + f30%cosHE} +

2m,tt 302
20 26‘t+26‘ !cos20t 7 t
735in T2c08 } + 2wi(0B,c0s0t) + 2 {*Cﬁsgsmet +
1!3’2

2 {fﬂaésinﬂt + 0BicosOt — pye

BsOcosOt + (Zgﬁsmgtjfn’msm_)} + 2w;{6B,c0s0t} + 2a {62 (1 — cos20t) + (

Bp,sin26t)}| (4.37a)

sin26t +

To ensure a uniformly valid solution inf; equate to zero the coefficients of cos8f and sint of (4.37a) and
this yields respectively

— @ + 20,085 — 208, — 20 0B, — 280 — 2,6B, = 0 (4.37b)
and
2wi0%a; + 20a; + 2a¢0 — 2aBB, = 0 (4.37¢)

Simplification of (4.37b) gives

B+ Bs = oo lai — 20162B; + 20 B, + 2010B,] = po(7) (437d)
Bs() = e™*[[ e po(¥)dr + B5(0)] = e~ [[ " p,(r)dr] (4.37¢)

Similarly, simplification of (4.37c) yields

1
ag+ ag = 26 [—2w}0%a; + 2aBpB,] = p;(7) (4.37f)
Therefore
ag=e" " U e’ ps(t)dt + a4 (0) (4.37g)

The remaining part of equation (4.37a) is
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Uf:?g + 62U% =1, + 15005201 + 1o5in20t (4.38)
ry!  2r, i’ 4. 2rf  4rg
=[BTt e = [ - T—ah] =[R2 - awfy]

. (12
It is to be recalled that, r, = —2«a (71 + BZ)

oty = —2amal,r) = —2a(a)’ + ayal), 1,'(0) = 2aB?, 1y (0) = —4aB?
Ty =aaf, + (a1a1 +a; ) n' =a(a1f;, +aif') + (051“1 +aay + 2a1a;)
2
(0 == 5 (0) =22 2y = —qad; v = 2amal; 1’ = —2a(a)’ + ayaf
’ l; " —4aB? 4aB? B B
r{(0) = 22, (0)a;(0) = 2aB?; 1{'(0) = —4aB?, 13(0) = (G- + o +22) =22,
li ’ 1 1 ’ 3932
13 = amay; 13(0) =0, 13 = alayy + aya3); 13(0) =0, B3 = 2—, 75(0) =
(22) T, 150520  Tysin26t
Uy ™ = agcosf + Lgsinfd + — 302 + P + P (4.39a)
The initial conditions are
UEP(0,0) = 0; US?(0,0) + wi(0US?(0,0) + ULy (0,0)=0
73(0)  717(0)\ _ 4aB  17aB?
3(0) = (392 02 ) T 303 36* (4.39b)
Similarly, 884(0) + =2~ 26”’(0) =0
—-20719(0) _ —3 B2
o Ba(0) = —3— = 6“3 (4.39¢)
From equation (3.23),
0(e®) : USY +USY, + 22050 + UG
= — @YY - 2(0f UL + WU EY) - 20@OYMO 4+ g(Ut0)’
Then, substituting on the RHS of (3.23) yields,
USY +USe, + 2208 + UG
- (wl)ZUng(l — cos 2mx)
- 2[ Ur(rfgz + (1 —cos2mx) + wlUZ(fr?)tt(l — cosme)]
— 2w} U‘(flfo)(l — cos2mx)
-2 [U,Sllo)(l — cosme){U,(,fo)(l — cos2mx)
+ Uz(zmo)(l - cos4mx)}] +B(Um(1°))3(1 — cos2mx)3 (4.40)

Therefore, on further simplifications, (4.40) becomes
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USO +USD + 2080 + UGV = = (@)U — cos 2mx) — 2[w USSR (1 - cos2myx) +

XXXX m,tt m,tt

Uz(fr?)”(l — cosdmx) + w; U,(nlo)(l — cos2mx)| — 2 [U(lo)U(ZO) { — 2cos2mx + ;cos4mx} +
U,(,IIO)U,(,fO) {1 - %cosme — cosdmx + écos6mx}] +B(Um(1o)) [E vy > cos2mx + gcos4mx +

% cos6mx] (4.41a)
Let

[ee)

UGO = Z U9 (1 — cos2nx)

n=1

Therefore, (4.41a) becomes

Z[U(SO)(l — cos2nx) + (—16n* + 8An* + 1)U,(l3°)0052nx] = RHS (4.41b)

n,tt

Multiplying (4.41b) through by cos2mx and integrating from 0 to m and for n =m, the result is

U(go) + (—16m* + 8Am?2 + 1)US? (— E) =- [(wi)sznlgg ( ) +20 ’Ur(nzgz( E) +

m,tt 2
(10) (10)/(20) n (10);,20) (_ ™
Umtt( D) + 203”03 (-2.-2) - alSOURY (- 2) -
15 10 T
T(Um( )) (_E)] (4.42a)
i.e,
30) 30) 10) 20) 10)
[Umtt+(16m — 8Am? +1)U ]_ [ @D?ULY — 20", UPY — 20U —
o [ZU(m)U(zo) + Uy _ (Um(“’)) ] (4.42Db)
2 US4+ 02U8Y = —(w 1)%}3‘32 w' UL = 203U57) - 2a[200°U%Y + UG OUSD] -
;ﬁ(Um“‘”) (4.43)

The initial conditions are
(30) A (30) (20) (10)
U, '(0,0) =0; ¢+ (0,0) + 0" (0)U,;7(0,0) + wz(0)U; 7 (0,0) =

Multiplying (4.41) through by cos4mx and integrating from 0 to  and for n=2m, the result gives

—%[Uz(f,ﬁ)ﬁ + (256m* — 322m? + US|
= 2[wiUl; (- E)] + 2 [Ur(nlO)Ur(rfO)'%(_ 9 FUSOUED (- g)]
—pa) (D)

(30) 277(30) _
UZm tt + 4 UZm -

—2[-i U] + 2a[USOUEY — USOUE] -2 (U, )’ (4.44)

2m,tt

The initial conditions are
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U£9(0,0) = 0; U£Y(0,0) + w} (0)UZ%(0,0) = 0

2m,t

Multiplying (4.41) through by cosémx and integrating from 0 to © and for n=3m and get,

3m,tt

1
U8%. + (1296m* — 72am? + 1UE? = aUIO UL - Z (U, 1)’ (4.452)
Let

0% =1296m* — 72Am? +1 > 0forall m

2 USO + 0208 = aUOUR - (v, 00’ (4.45b)

3m,tt

The initial conditions for (4.45b) are

u€9(0,0) = 0; UE*(0,0) =0

3m,t

Further simplification of (4.43) gives

Usg +6 U(go) —(w1)?*(—6%a, cosbi) — 2w', (—a4620056f + M) — 2w}, (—8%a;cos6t) —
@y | Bro) | (Gl &l Py (%l By _ aaiB
2a [(T + 92) + (92 PrE Ba,;) cosOt + ( 4 92) ] 2a 2(p?-67) +
2
““f(%*’ﬂz) oo aaiBcos20t 4 ubs crl,[?s
2¢? 8(@*-467) 2(p?-82)
afs . _ pyp o aaicos30t 158 3, 3aiB », 3af 2
sin(p — 0)t + e 207y | [(B )] +3 ( +ayB )cosé)t +=*Bcos20t +
%60539f (4.45¢)
To ensure a uniformly valid solution in £, equate to zero the coefficients of cos6f and this yields
ap 1
w})?0?% + 2wia,0% + 2wh0%a —Za( - +Ba)
( 1) 1“4 2 1 92 692 4
2 “_% BZ 3 3
a‘ay \ 5+ N ada, 458 (a3 0B 0
—_—— —_— a =
@? 4(p? — 462) 4 \4
azal(—1+32) 3
Lo 1 \2pn2 r 2 _ dile _ @il _ 2 X1 _
&y = 207a (w1)°0° + 2wia,0 20:( 02 " cor +Ba4) o +4((p2_462)
456 (4 2
- (4 +a,B ) (4.46)
The remaining equation in (4.45c) is
Ul +02U5Y =
Tio + 711€0520% + 11,0530t + 1y3c05(@ + 0)E + 1145in(@ + 0)t+ riscos(p — O)E +
riesin(p — )t (4.47)

Solving (4.47) gives
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u8o ¢, 1)

= ag(1)cosOt + Bo(1)sindt + —

_<p(29 + @)
1

The initial conditions are

ue900,0)=0,

(p(29

T10
92

rllcOSGf 11,€0830%
362 862

[ri3cos(@ + 0)E + 1y4sin(e + 6)E]

[rlscos((p )t + rigsin(e — 6)t]

US2(0,0) + i (0ULP(0,0) + w5(0)U5(0,0) = 0

where
To |, T1 T12 713 T1s
N=|-—4+—— 4+ = — tt=0
@5 (0) 92 "3607 T867 T 020 + ) 920 — )l *T
and
+6 -0
By (0) = [r“(“’ UL )] tr=0
0lp20+9) ¢20-09)
and where,
a,a, Br, 2a2B 158 3a?B
7"10:—[2(1< 2 F) <p2—92_T B3+ —— 2
0) = B 10a? a? 758
@ =B\ Gz T iz T g
' (0) = B? aSs 8a? 4a? 2a? 458
Ml =B T30 T T T (02 —02) 4
8r w} (a1a4 BTO) a’a?B +45,8a123
= 3 4 "392z) T pz_g2 2
,(8a  2a® 458 a?
mO =B 35m 32~ Tz
) = B° 4a? 16a aSs 2a 458
) =832 "302 "7 r=en  a
_aayry  aje® 1543 _ p3 a’? 158 _ p3 3a?
T2 362 4(p%-82) 6 12 (0 =5 [392 4(p2-82) + o |12(0) =B [4(402 62)
458
_] Mg = —aa;@s = 135, 133(0) = 135(0) = B*a’S, ,T13(0) =1/5(0) = —2as$,B*
Ty = —@a; s = 16 > 114(0) = 116(0) = 0 since fs(0) = 0, 175(0) =114(0) =0

Substituting in (4.44) gives

(4.48)

a?

362
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2 2
U(so) zU(30) — Zw [—(p aSCOS(pt _ 2,6’55m¢?t+ { —26 Bcrlcoset 2a76 coszStH +

2m, tt @2-62 p2-462
@ @&y , Brg Ty 3Ty @y Br
2 (—4 + 92) + ( 9z " epz T Ba4) cosBt +( + 92) cos26t g |_aaie
a;zl cos36t 2p2-6%)
az
cm.'l(fﬂ?z) o2 > .
Ta aajBcos20t crlﬁg,
e + o757 2D + = Zsin(p +6)T +
crlﬁs ajacossft|  3f 3y 3aiB 2
—Zsin(p —6)i + alp?—267) . [(B ) + 3( +a,B )cos@t +
i A
4 cos30i] (4.49)

To ensure a uniformly valid solution in £, needs equating to zero the coefficients of coset and singt. A
further simplification of (4.49) gives

where,

Ul 4 17 U(3°) =1y, + 115€0S0L + 1790520t + 154c05301 (4.50)

2m,tt
a0, Bro) a’afB 3B ( . 3aiB
2 ) B S - S i
“(4 t) T 2P T

o 22a? a? 158
O =B "5t gt

7 =

L (0) = B —S:a N 20a? N 2a? N 9B
7%= 2 302 " 2(p? - 62)
—260%w;Ba;a ity  aqr atay (al + Bz) a,ad
Tg = 2 — 02 ( 92 - 602 + Ba4) - PE - 4(p? — 462)
9 /(a3
— B?
> < 2 +a, )
0) < B3 2a N 18a? N 3a? N a’ N 45
r1g(0) = 92 — 02 602 PE 4(p? — 462)
, s 43a% 5a? 3a? 63
ris(0) = B 2085 =2 — = = i —eD) 8
i —2wia?ab? <a1a4 _ﬁ) a’a?B 9alB[5’
v 2 _ g2 4 302) " 2(p2-07) 4

©) = B? —2a  4a? N 2a? N a? 9s
"ol =50z —92 T 302 T30z T 2(p2 —02) 4
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©0) = 57 4a S N 4a? a? N 9p
"o\ = P B0z —462) 2 T 362 (92 — 402)

_ [_eears _ _ ada®? _ 3Ba} —p3(_2t a? 38
T20 = [ 302 4(@p2-462) 8 ] T20(0) =B ( 362 + 4(p2-62) + 8)

r10(0) = B [a_z 3a? 9[3]

+ 4(p? —462) 8
The solution of (4.50) is

r18€0s0t = 1r19c0s20t | 150C0s30E
182 2 19 20 (4.5 1a)
(92-62) ~ (p?-462)  (9%-962)

Uz(fn) = a;ocospt + Bysingt + 7 g
The initial conditions for (4.51) are

USY(0,0) = 0; US(0,0) + wi (0)US21(0,0) = 0

2m,t

T T
= a10(0) = [(<p21892) (02— 492)+(<p2—2292) atT =0, B1(0) =0 (4:51b)

Substituting in (4.45b) the following is obtained

(30) G0) _ o |_aeis ml(%iwz) ala
2 1 1

Uspp T 02U, = a 2w T 207 307-107) cosfi

2 i 3 i
aaiBcos20t (xlﬁs _ 135 _ »  ajacos30t _
e 87) + = NHE+ sin(p — )t + 7487
B 3aiB ~  3a? A

[(83 )+3( +a, B )cos6t+71860526’t+
TCOSBBt] (4.52a)

Rewriting (4.52a) gives

(30) 2 (30)
U3m i +02°U;
=7, + r22c059t + 153€0520F + 15,0530 + 155 cos( + 0) £ + 1y sin(p + ) £
+ 15, cos(p —0) £

+ rygsin(p — ) £ (4.52b)
The initial conditions are

u€2(0,0) = 0; UE%(0,0) =0

3m,t
where,

_ [ a*aiB B (3  3aiB afaf 5B

a1 = {2(<p2—92) 4(3 +t )}’ 121(0) = (2(<p2—92) 8)
2
. azal(%+32)+ alsaz _% a1+aB .
22 2¢2 8(p2—462) 4\ 4 ! ’
_p3(1B_3a® __ a® _p3 L3 2B

122(0) = B (16 42 8(<p2—462))’ 22(0) = B ( 8(p2-402) 16)
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a’a?B 3a1 a? _3B
T2z = {2(4:2 62) 8 } 123(0) = (2((p2—92) 8)
, _ 38 a? ([ a?a3B 3038
r25(0) = B? (T N ((p2—92))’r24 - (8((p2—192) N 12 )

_ p3 ﬁ_“iz ’ _ p3 3a? 3B _ aaas _ _ _
14(0) = B (16 8(402_492)), 1,,(0) =B (78(4)2_92) 16) Tps =—— =Tan 125(0) = 1,(0) =

B?a?Sy, 135(0) = 13,(0) = S,B*

6 = aazlﬁs = T35 ;3 726(0) = 125(0) = 0, 134(0) = 1,4(0) =0

U89 1)
. . T9,c080t  T,3c0520f T1,,c0530%
= ay,(T)cosNt + Lill(r)sm[lt + ERYE + 07 — 492 + 0z —9g2
N T35 cos(@ + 0) T + 1y sin(p + 0) t
22— (p +06)°
757 c0s(@p — 0) £ + ryg sin(p — 0) £
4,52
+ RN (4520)
22 123 T24 25 T27 ]
0 = — = 0
@ =[5 —467 T 07-992 02— (p+0)2 07— (p+0)°
(4.52d)
726 (9+0) r28(¢—0) _
Bui(0) = 5[zl + | e = 0 (453)

So far, it follows that

UGY) = yB9(1 — cos2mx) + U(30)(1 — cosdmx) + U(3°)(1 — cosbmx)
From (3.24),

0(e38) = UV + USi},}x + 2203 + uGY
—@D?UGY = 2(wU + wyuP) - 2080 + 2(wiUE” + wyUs”)
( WP+ wytu?) - 2{ul” + (wlu_g”) + gt U8}

_ a(u(lo)u(Zl) + U(11)U(20)) + 3,8(U(10))2(U(11))

Substituting on the RHS of (3.24) gives

U(31) + U(,fxlx)X + 27\U(31) + UG = [(wi)zU(ll)(l —cos2mx) + 2 {wl (U(21) (1-

m,it
cos2mx) + Uz(frf)n 1- cos4mx)) + wy Uz(:nl)” 1- cosme)} + Z{Uf:gi (1 — cos2mx) +
Uz(f:)” (1 — cosdmx) + US:)” 1- cos6mx)} -2 {w{ (Ur(nz?z(l — cos2mx) + Uz(fflt(l —
cos4-mx)) + wy Uggz(l — cosme)} + {(u{’Ur(nz_?)(l — cos2mx) + Uz(f:)t(l — cosdmx) +

"U(19)(1 — cosme)} +2 { U(32)(1 — cos2mx) + Ugi?)f(l — cos4mx) + Uéi?)t(l — cosbmx) +
w7 ( (20)(1 — cos2mx) + Ugi?z (1 — cos4mx) + wyU (10)(1 — cosme))} { (10)(1 —

€0s2mx) (U(21)(1 — cos2mx) +U(21)(1 — cos4mx)) + U(ll)(l — cos2mx) (U(ZO)(l
cos2mx) +U(20)(1 - cos4-mx))} -3 {(Ugo)) U,(él)(l — cos2mx)3 }] (4.54)
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Further simplification of (4.54) yields

U,(ngn + U’igx + 2AUGD 4 pGY = [(w{)szj’g(l — cos2mx) + 2 {w{ (Ufjg (1 — cos2mx) +
Uéi:)n (1- cos4mx)) W} Uf;g (1— casme}} + 2{U$2 (1— cos2mx) + Uéii)ﬁ (1— cosdamx) +
Uéiﬂr (1— cos6mx)} - Z{w{Uggg(l — cos2mx) + Uéfr?ff(l — cosdmx) + w} U,fr:,g% (1- cosme)} +
{m’iU}j? (1—cos2mx) + Uéisjf(l — cos4mx) + mé’Ugg)(l — cosme)}

+2 {U,S? (1 —cos2mx) + Uéif%(l — cosdmx) + Uéi?]f(l — cos6mx) + w, (Uﬁg] (1 —cos2mx) +
3 1
U.{Eiﬂ;(l — cos4mx)) + w, (U?Ei?(l — casme))} + @ {U?(;Oj Uffl) (5 — 2cos2mx + Ecas4mx) +
(10)y21) (4 1 _ 1 (11) ;,(20) (3 _ 1
Uy Uy (1 5 cos2Zmx — cosdmx + S cosﬁmx)} +a {Um Un; (2 2cos2mx + 2 cos4mx) +
(11) ;,(20) 1 1 (10) (11) (5 15 3
Up Uy (1 — Ecosme — cosdmx + Ecosﬁmx)} — 3ﬁ(Um ) U (E — :cosme — Ecos4mx —

icos6mx)] (4.55)

Let
ISR Z UGBD(1 — cos2nx)
n=1
The LHS of (4.55) becomes

Z[Ufflf)(l — cos2nx) + (—16n* + 81n? + 1)U,(l31)6052nx]
n=1

Multiplying (4.55) through cos2mx and integrating from 0 to ® and from n=m, gives

~Z[uSR + aem® - 8am® + DUSY] = —|@DUSR (-2) + 2{wivlh (-2)+
w, P2
i (B)e2(0R (D)2, ent o+

i () o0 (D) 242 (-2 + i) () + i (-3)

o {20 (-5) U (-8) - g (-3) - augu (-5)-

yGvy Qe (_ %)} 43 5(U,(,3°))2 g (_ 1_5) (4.56)

4

A further simplification of (4.56) yields

(31) (31) _ (11) (21) (11) (30) (20) (10)
USH +0%U5 = (w2ULH -2 {wgum,ﬁ +wyUSY } -2 { Um‘h} +2 {w;Um,Ef + wgumff} -

{0108 + wyul P} - 2{ U8 + 0 Ul + wyUGPY + a {205 0USY + UGV U + 205D URY +

45 2

The initial conditions for (4.57) are
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U (0,0) = 0;
USP0,0) + i (VUL (0,0) + w5 (0)USP(0,0) + Uy (0,0) = 0

Multiplying (4.55) through by cos4mx and integrating from 0 to 7 and for n=2m gives

s
— [Uni + (@56m* — 324m? + US|

[2 wan ( —2)+2U(3°) (=2) - 201U (= 2) + @y UL (-3)

2m,tt 2m,tt 2 2m,tt 2 2m,t 2
(30) @0 ( T
+ 203 (— 2) + 20, US) (— E)

+a {% UsOu? (- g) ~USOuEd (-2 + % USOUE (-2)

. 2 2
0o (<)

2
2 3
- 3p(05°) v ()] (4.58)
(31) 30) _ 21) 30) 20) 20) | 57 (30) 20)
UZm tt (pZUZTn [ZwlUZm it + 2UZm it 20UlUZm tt + w Uth + 2Uth + ZwlUth +
aLUSOUTY - UROUEY +20SPuEY - Ul uRt - 2p(US”) U,(n“)] (4.59)

The initial conditions are
U8 (0,0) = 0; USP(0,0) + wi (0)UE%(0,0) = 0

2m,t

Multiplying (4.56) through by cosémx and integrating from 0 to  and for n=3m, the result is

[U(“) + (1296m* — 72Am? + 1)U(31)] =

tt
vt (- )+ 2050 () +a fuug (-3) + oo (-3) -
36 (~2) (U$) v (4.60)

A further simplification of (4.60) yields

3m,tt 3m_tt 3m,t

y By +!22U(30) [ZU(ao) +2U(3°)+a{ U(io)U(21)+ U(11)U(20)}+ .B( (10) (11)] (4.61)
The initial conditions for (4.61) are

U8 0,0) = 0; UEY(0,0) =0

3m,t

Further simplification of terms in (4.57) yields

U(31) + QZU(31)

m,tt

(w})?0%B,sinBt — 2 [w{(—@aésin@f: + 8B4cosOt) — (

—29r§sin29f+29n{c0529f)]

, 362
2r{,sin20t = 3r{,sin360¢f _ 1 !
30 + 80 (29+(p){ (e +

{ ris(p — 0)sin(p — 9)t + 116(@ —
+ 205 (—a,0%cosot) — w] {—9a4sm(9t +

2w, B50cosOt — 2 [—a9951n9t + B56cosOt +

A)sin(p + 0)t +1r{,(¢ + 8)cos(p + O)} + —— (29

4r1c0529 t}

0)cos(p — 9)1:}] + Zwl{ 0%a,cosOt +

27



Bassey et al.; ARJOM, 14(4): 1-47, 2019; Article no.ARJOM.50223

2r15in296}

o~ wy (—a,0sint) —

21115in26t + 3r125in39t
360 860 (p(29+(p)

33 (9 + O)missin(p — )¢ + (g — O)rigcos(y — )8} -

, 21y5in20¢ @106 _ Bry @172 _ Br3
2w { Oa,sindt + v } 2wh(—0a,sinbt) + 2a {( o ﬁ) + ( 2 - @ +

Baﬁ) cosOt + (M) sint + (alaﬁ BT3) cos26t + (alﬁﬁ BT“)

662 62 62
e asrs a1r6sinSGE
sm39t} {( + )smet + (2((/,2 07 g2 492) sin26ft + YD

Brs
2(¢,2 492) 2 —92
alﬁ7 A% sin(e + 0)f + 2 cos(<p -0+

{=(p + Ory3sin(p + ) +

2{ agsindt + BycosOt +

114(@ + 0)cos(p + 0)E} +

02 +

—sin((p — G)t} +
2a {ﬁz 225in26t + 22 2r° sinft — BZ — (sin36t — smGt)} (4.62)

To ensure a uniformly valid solution in £, demands equating to zero the coefficients of sin@ fand cos8tin
(4.62) as further expanded. The coefficient of sin® t leads to

ag + og = hy (1) (4.63a)
1 BBs —ayry

h;(t) = ~58 [20)190(6 + w5 a0 + wi8a, + 201 0a, + 20500, + 2a (T)] (4.63)

o g = e T [[ eShy(s)ds + ag(0)] (4.64)

The coefficient of cos@ t yields

B + By = h2(T) (4.65)
1 oyr or

ho(v) = — 55 20108} + 20550 + 20} 0%a, + 205,07 — 2a (% - # + Batg )| (4.66)

~ By = e7*[f e%hy(s)ds + By (0)] (4.67)

The remaining equation in (4.63)

uly +e2uSY
= Iyg + I'30Sin20% + r3;c0s20t + r3,c0530% + r35c0536t + ry,coset + ryssinet
+ r3¢ cos(@ + 8) £ + r3, sin(p + 0) £+ ryg cos(p — 0) £
+ ragsin(p — 0) t (4.68)
The initial conditions are

UE(0,0) = 0; USY (0,0)+w; (0UZP(0,00+w5 (0)ULP(0,0) + USY(0,0) = 0

where,

o0 1B
Iyg = 20(( 2 +e_2), rzg(o) =0

S —4r§ 41‘1 4r{1_2w’1r1_4r11_4w’1r1 (alﬁﬁ_ﬂ)
3071739 39 30 30 30 30 2 302

oy rs Brg a’a;BB, 45
+ a(z((pz — ) + o 492) + af,ay, +—2((p2 o) — TBB%Bz
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—p3 (=8 e 20 15, 4 20 o o _45) _ g3
rso(0) =B (395 30 303 30 303 303 ' 20(92-02)  20B(2-02) 49) = BS;s,
8 4S,, 2a 4S5, 2a? a? S a? 45
Sps= |-t 2y + + -—
380 20 ' 6% 30 0° @ 20(p2—02)  (@?—02) 20B(e?-—07) 46
_ 8m'1r1 A0 E _ —8aB3
31 = [ s T 20(( 2 392)]  131(0) = 302
I3; = [_ %] ,132(0) =0
[—3r§2 3ry;  aoyry, a0y Iy aB,ry a?a?B, ]
40 40 302 ' 2(@?—402) 302 ' 8(¢2 — 402
33 = | (4@5 ) (o )|r33(0)
l _1_6880(182 J

35y o as;

=B3| - — ————— | =B3S
( 20 30 30 29((p2—92)> 26

3S 3S a?
5, = <_¢__5+_

r3s = [aBay], 13,(0) =0,

2
r3s = [aBB;], r35(0) = :?

asS;
30 363 2(@p?—460?%)

0(250 a? a?

+ 1) 20(92-402)  @(92—462)

_ [2r1a(@+8)  2ri4(@+8) | amya;  aBaBs _
T3¢ = [tp(26+<p) ©(26+¢) + 2 2 ] J r36(0) =0
— 2riz(@ +0) | 2ri3(9 +0) LGBy a<32a5>
¥ 020+ @) (20 + @) 2 2
6a(p +0)S, aS,; Spa
= B3 ( - _) = B3
r37(0) (p(ze + (p) 2 29 327
_ (6(1(([) + 9)50 a543 0(50)
7= \po+9) 2 20
_ [2r16(0=0) | 2r16(¢-0) | amya; | aBaBs _
f3s = [ ¢(26-¢) ¢(26-9) 2 T ] » 135(0) =0
e = 2ris(@ —0) 2ri5(@ —9) N aoy B, B a(Bz“s)
P e0—-9) @20 — @) 2 2
r3o(0) = B® falp ~ 0)S, _2alp — 0% _ &% L 30} _ pag
? 020 +9) @R0—¢) 20 ' 20 29
3a 2a

= (gm—m w»)

Solving (4.69), the following is obtained
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r3psin20t+rz;cos206t = r3;cos30t+rz3sin3Bt | rzscoset+rassinet

UBY = o, ,cos0t + By,sindt + % +

62462 62_902 822
rzecos (@+0)t+rz,sin(@+0)t = rzgcos (@—0)t+r3zgsin(@—0)t (4 69)
©(26—-) ©(26—-9) '
o (0) _ [rzg rsy + r3p + r34 Isg rsg 20(B3 1 (B2 16aB3
12 02402 ' 02902 ' 022  @(20-¢) @ @(20—¢) 364 ' 202 \g* ' 302

1002B302+302B32¢2+a2B34¢2—402+225BB316+a9'+r10'02—r11'302—r12'802—r13'¢
20+ @+r15'@26—@t=0

(4.70a)
B,,(0) = __1 20r3q n 30133 n Prs3s (p+0)r3; (9 —0)rs
12 6 162 —462  02-902 ' 02— 2 @20 —¢p) @20 — @)
=0 (4.70b)

Substituting in (4.59) gives

(31) 211D _
UZm tt (10 UZm -
12 o A ’ A 0 / ot 0 p ot 7 . ~ ’ A~
—|2w; {—(pa7sm(pt + @B7cospt + ;szc_ogzt +2 (;525622 t} +2 {—<pa1051n(pt + pPiocospt —

OrigsinBt  26rfysin20f  36rh,sin36t 2Ba;6%cosbt  20aZcos26t Ba esmet
1;3 2 129 2 220 2 }_ ’1{ 12 2 21 2 }+O(((1) + 2w 1){ 1z 2
(p2 -0 P*—-46 ©*-90 P%-0 P%-40 -0

ealsinzef} . 2 »  OrigsinBt  20ri¢sin206t  30r,(sin36t o tg

— +2{— aSin@t + cospt — - - +-oil—=+
@2-402 PAp (Y (pBIO @ ©2-02 @2-402 @2-902 2 2

2) + (a1r2 S L BO(G) cosot + (BBG 1r4) sinft + (alBs r4B) sin206t — 1r3 cos30t —

02 92 602 02
airy a1l Brs ajaz 0‘1[37

e sm39t} {(—2((p2 407) + po 92) sinft + —Zcos(¢p + 0)t + =~ sm(cp + e)t +

0‘137 %1l's Bre 16
sin(p — 0)t + (2(@2—92) +5 492) sin26t + ( e sin36t +
N . A a (Baaysin26t = B,rosindt B r B, [ 5+B?
Ba,cosopt + BB7sm(pt} + ;{ 2 42 + 22 %2 21 (sin36t — smet)} {f( 2(92 ) -
2 2 2

aafBy . nn, QoiBBy . A aaiBs . 2 9B 2, of B2

2267 sinft + 2(@?_62) sin20t + 2267 51n39t} + " [{Bz (B + > ) }sm(pt +
. Py Bza% . Py

B,Boy sin20t + £ sin36t| 4.71)

To ensure uniformly valid solution in tneeds equating the coefficients of cosgt and singt to zero. Equating
the coefficient of cosot yields

where,

—2wi0B7 — 2¢0B10 — 2B10¢@ + Baya; =0

“ Bro +Bio = ﬁ [—20]@PB7 + Bayay] (4.72a)
“ B1o + Bro = h3(TV) (4.72b)
h; (1) = [ 2w19PB7 + Bayas] (4.72¢)

It therefore follows that,

Bio = e_r[f h;(s)e*ds + B10(0)] (4.72d)
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The coefficient of singft leads to

201005 + 2007 + 20,00 + BB,a =0

010 + 10 = hy(T) (4.72e)
hy(1) = — - [20; o + BBsal (4.721)
~agg = e *[[ hy(s)e’ds + ay,(0)] (4.729)

The remaining equation in (4.71) is

Ufn?tt + szg‘:’;) = r,0c080t + ry,5in6t + r,,c0s26% + r,55in26% + r,,c0530% + r,55in36% +

I Cos(q +0) T+ 1y, sin(p + 8) T+ 1,5 cos(p — 8) T+ rygsin(p — 0) & (4.73)

The initial conditions are

USY(0,0) = 0; US(0,0)+00; (0UZ(0,0) + US(0,0) = 0

2m,t m, 2m,T

where,

—20riw] 2aw;Ba,6? a<(a1(x6 rzB) (0(1Fz a1r3)+Ba>
6

Iyo = @2 — 02 + @2 — 02 2 2 02 92 602
3 —3a 2a
@ =5 (G @)
| 26rfg N (0} + 2w})aBa, B N 20r;y  « BG. — &) ( T Brs ) _aBaro
f1 = o7 — g2 @ — 02 02— 02 2( Be —50z) T\ 2pr =207 T @z —02) " 20
aBory | [a?B, (of 2 oo, BB, 9B 2 of
1202 +{2(p2 <7+B T8t —409) 4 B\B +
26S,, 2a 20S,  2a? aS, o? 1702
rs1(0) = B® - + - + -
(@2 —02) B(@2—02)  @2—02 90% 2(@%—402)  O(@—02) 120°
3a? o? 458
(46 — ¢?)  80(p? — 462) 160
_ [ 46wirs  200wiaf 53 2a 45y,
fa2 = [((p2—492) (102—492)] T42(0) = B (e(¢2—492) e(¢2—492)
| 4Bwiryg (0] + 2w})ada? 46rp E(QIBG B %) (x( o4Ts Brg )
B (92 —402) @? — 402 (92 —462) 2\ 2 302 2(p% —02) @2 — 462
O(z(xlBBz 9 B
27 — 09 +7BB2Boy
40S,, 2a 40S, a? 202 asS; 9B
0) = B — =
ras(0) <((p2 —402) ' 9(p? — 62) + @2 — 462 e T 20(p? — 62) + (9% — 62) * 20

T4q = [g (0;2;23)] , T44(0) =0

2
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60r5, 60r,, o /04T, oy T af,r; a’azB,
P45 = | (@2 —907) T (@7 —902) " 3 (507) 2007 —467) T 12 T 8(e? —407)
9 2
+ RBBz%B]
rys(0) = B? ( 66544 605, _ o @S, _ af ﬁ)
(% — 462) " (@2 — 02) 120° 2(@?—02) 120 160

T4 = [%] 1 T46(0) = 0,147 = [aa;B7] T47(0) = _(XB3543

ooy oy

Iyg = [T]' ry8(0) = 0,149 = [%187]: r49(0) = —aB3S,;

5. = aS, N a 4 a a 20aS8,;
w 20° " 2a(p? —40%) a(p?—62) (92 —462)

r4,c0s0t + ry3sinbt  r,,c0s26t + r,gsin26t

US,}) = o;3c05@t + B13singt +

(PZ _ 62 (pZ — 492
N 460530t + r,,5in30t  rugcos (@ + B)E + ryosin(e + )t
©% — 992 8(2¢ + 6)
Isocos (@ — 0)t + r3osin(¢p — 0)t
50 (9 ) 395In(¢P ) (4.74)
0(2¢ — 0)

where, from the first initial condition

r r r r r
ay3(0) = — 42 44 46 48 50_ e)] att=0 (4.75a)

[q)z —0? T —402 g2 —902 020 +0) 829

and from the second initial condition, it follows that

01,3 201,s5 301y, B+@)rye , (6—@)rs, ’ ri; rig rio I ] _
[B13 (0)e + 007 T 97207 T g2-007  6(zg10) | 6(20-0) a30(0) + o T or-07 T grmanr T grmopr| = 0

1[ 6rs3 20rys 30rs7 (8+@)rye | (B—@)rsy ’ ris rig rio
0)=—-— [ — o~ (0 17
B13(0) ¢ Lpz-02 + @2-402 + ©2-902  9(2¢p+6) + 0(2¢—-0) +agp(0) + @2 + @2-02 + @2-402 +

r20'2—962
(4.75b)

Substituting in (4.61)

31) 31 _

Usmie + @*Usn” =
1 1 3 2

= [20$2, + 2080 + « FUSVUEY +2USPURYY + 2 (UG UG Y] (4.75¢)

3m,trt 3m,t

Further simplification of (4.75c)yields

Br,sin®t  20rp;sin26t  30rp,sin36t
02-p2 02-402 02-902

usD + Uiy = - [2 {~004,sin0t + 0B}, cosnt -

(@+0)ryssin(@+0)t | (@+0)rhgcos(p+0)E _ (@—0)r),sin(p-0)t (cp—e)régcos(cp—e)f} {_ .
02-(¢+0)2 02—(¢+0)2 0?-(¢-0)? r-(o-gz ) T2 T Reusint+
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(<p+9)r255in(<p+9)f ((p+9)r26cos(<p+9)ﬁ

A~ Orp,sinBt  20rp3sin26t
QB]_lCOSQt - 02-92 - 02-402 -
(@—8)ry7sin(@-0)t (tp—ﬁ)rzsCOS(cp—G)f}

02—(¢-6)2 Q2-(¢-0)?
a167 —~Zsin(¢p + 0)t
— 21 __sin36t + B t+ BB t+2
20?—10%) sin a,sing ;Sin@ }

8(2-462)

2
%sinSGf}
4

-0t +2Z a167 sm(cp G)t + ( o

2
1Pz _gin3et — BZBS 22 cos(@ + G)t] += {(BZ (BZ . ) Bzal) sin6t + B,Baysin20t +

sin26t +

(4.76)

To ensure uniformly valid solution in £, needs equating the coefficients of cosQt and sinQf to zero. The

coefficients of cosQt yields

—20p};, — 20B;; - £ =0

OLB aBay

w Bt B = 0 = = hs(7)
Where

hs(v) = -2

B = e_TU hs(t)e*ds + B4, (0)]
The coefficients of sinQt yields

aBB7

_ZQ:’I_]_ - 290(11 - =0

where

B
he(1) = 27

~ lim a1 = e *[f hg(t)esds + a4 (0)]

The remaining equation (4.76) is:

(31) 2 (31)
Usmie T 0°U,

(4.77a)

(4.77b)

(4.77¢)

(4.77d)

(4.77¢)

@4.779)

(4.779)

= rgosinBt + rg;sin20t + rg,sin36% + g3 cos(@ + 0) £+ rg, sin(e + 0) €

+ rgg cos(@ — 0) £+ rgg sin(@ — 0) £

The initial conditions are

U8 (0,0) = 0; UM(0,0) + UEY

3m,t 3m,t

(4.78)
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2
_20r3, 20r,, a0y I Bars o?B, %+B2 o2y By
0 =02 92T 0z 92 4(p2—402) 2(@? —4602) 4 ¢? 16(¢p? — 462)
3afp, a2\ 3oapat
- %|B%24+—
8 + 2 + 32
26S,, 26S,, as; a? 3a? o?
0) = B3 + + + + +
r0(0) <(92 —02)  (Q2—02)  4(p*—402)  20(p2—40%) 802 16B(p* —402)
9ap N 3af3
160 32B
40ri, 40r,, ooy I's Barg o?a, BB, ao, B,B

T 07 402 T2 407 4(@?—07) 2(¢% —407) (gl —407) 2

40S,4 40S,, a? aS, a )

rs1(0) = B ((QZ —407) T (02 —407) T 20(¢? —09)  2(¢? —407) 20

o 60rl, 60ryy  aayrg a?By0? ao?f,
2702 -902 @2 —902 4(@? —402) 16(¢@? — 462) 8

e, (0) = B? 606S, N 60S, N asS, B a? N o
52 (Q2 —902) ' (02 —9602)  4(p? —4082) 160(p? —462) ' 80

2rh 6 (@+0) 2rp6(0+0)  aaqo;
T = — —_ —_ r =
53 Q2—(@+0)2  Q2—(@+0)? 2 53(0) 0

_ 2rp5(@+8) | 2rp5(@+6)  aayBy re,(0) = B3 (GaSO (9+0) aS43)
[} 4 -

54 = 02 (0102 ' 02— (@+0)2 4 02— (+0)2 4
N —2rhg(@=0)  2rpg(p-0)  awjay ree (0) = —4aSgB3

557 02-(p-0)2  02-(e-0)2 4 ' ° 02—(¢-0)?

_ 2rh(e-8) 2ry7(@=0) | aaqBy _ p3 (60‘50 (¢-9) 0‘543)
fse = 02—(9-0)2  02—(¢-6)? + 4 rse(0) = B 02— (@-6)2 + 4
Therefore;

31) _ A . ~n , Isesin®t | rgysin20t | rspsin36t r53cos(@+0)t+rs,sin(@+0)t
U = 0g4c08Qt + B1,5inQt + w20z T ora0z T 02902 —(g10)? +
rss5cos(@—0)t+rsesin(@-0)t
(e ) (4.79)

Therefore,
— _ I's3 I'ss —
04(0) = — [ + ] [T =0 (4.80a)
0P, (0) = — Brso  20rs;  30rs;  (@+0)rss  (@=O)rse Ty T
14 02-92  02-402 02-902 02—(@+0)2 02-(@+8)2 11 02-92 02_492

! ! !
T24 I'2s I27

02-902  02—(@+0)2  02—(p—6)2
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Therefore;

B14(0) = )

—31 (S(r;zo:rg;zz) (Zir;i:erzés) (3?przsj;;z4) _ ((ZJ;T)(r;:)TZM) (99—2<p_)(1";6_;)r2£7 + o, (0) (4.80b)
So far, it follows that

UGH = ySY (1 - cos2mx) + USH (1 — cosdmx) + UL (1 — cosémx) (4.81)

The summary of the solution so far is,

Ux,t,7) = (U(m) + U 4 5202 4 ) + Ez(U(zo) +5UCD 4 52py@2) 4 ) +
e3(UBY + §UBD + §2UBD 4+ .0) + . (4.82)

4.1 Maximum Displacement of the Column

The dynamic buckling load is obtained from the maximization %= 0, where U, is the maximum

a
displacement and A is the load parameter. The conditions for maximum displacement are,

au ow
W_o, =g (4.83a)

But from (3.12), it follows that

Z_V:= Ui+ (wie + whe? + YU +6U, =0 (4.83b)

The aim is to determine the maximum displacement;
Ua = U(xa ’ Ea ’ ta)

where x, , t, , 7, and t, are the values of x, t, 7, and £ respectively at maximum displacement and are to be
next determined before finally determining the maximum displacement.

From the first condition of maximization, Z—: = 0, this means

U - Uty ,[au®”  au0 ,[oUCY — auGY
€ +-|te +|te +6 +

Ox +o ox ox +0 ox ox Ox
=0 (4.84)

Zme[U,Sllo)sianx + 6U,(,111)sin2mx + ]

+ €2 [Zm UZsin2mx + 4m UL sindmx
+ - S{Zm U,Sfl)sianx + 4m Uz(frf)sinﬁlmx + }]
+ €3 [Zm U,(nso)sianx +4m Uz(f,?)sin4mx + 6m U,S,?)sin6mx+. e

+ S{Zm U,(rfl)sianx +4m Uz(fnl)sinﬁlmx + 6m Usnl)sin6mx + } + ]
=0 (4.85)
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The equation (4.85) is satisfied if sin2mx, = 0, Swhere x, is the value of x at maximum displacement. This
means, 2mx, =mn, n=0,1,2,3..,Setn =1, x, = % substituting, x, = % inU(x,t,7), gives

Ulxg t,7) = 2e[USY + SUSY + | + 26 [ ULY + 6 ULP + -] +2e3[(USY + UEY) +
S(UBY + U8y 4. (4.86)

Let £,, t, and , be the values of £, t and 1 respectively at maximum displacement and let them be expanded
asymptotically as

t, =
fo + 5?01 + 62f02 + E(flo + 6611 + 62f12 + "') +
Ez(fzo + 5?21 + 62f22 + "') (4873)

ta = to + 6t01 + 62t02 + -t E(tlo + 6t11 + 62t12 + )
+ Ez(tzo + 6t21 + 62t22 + ) (487b)

Ta = 6[t0 + 6t01 + 62t02 + + E(tlo + 6t11 + 62t12 + ) + Ez(tzo + 6t21 + 62t22 +
(4.87¢)

Evaluating (4.87¢) at the maximum values and simplifying, the following are obtained:

2 T 4 toB 2 Py
to = 5, to = E, tl() = _%, tzo = tzo - th wi(O) - to(l)é (0) and

p _BlaSsingly [ (p-6)  (p+6)  (@+8) (96
20 62 —(p—02 MC—(p+60)?2 ¢0+¢) ¢20—¢)

Let U, be the maximum displacement. We now substitute for x,;

™
U (ﬂ’t' T)
= e[2U% + 28U0Y ... ] + €2[2U%° + 28U%%) ..
+[(2u2° + 208 ) + 5(2U3! + 26U(31) ] (4.88)

Expanding each of the terms in (4.88) and evaluating (4.88) at maximum values and noting that all US]D are
evaluated at (t,, 0), the following are obtained

Therefore,

Uq = 2€[UG7 + 8{EU50 + tUGY + UGV} + |
+2¢? [thU“‘?) +U2

+ S{f.nU(“’) +t10UG + o tioUSLR + Eioto UG e + UG + - } L. ]

mtt m,tt

( 10) U(1o)

> Unt + toUCY + (USO+UfY

+ 2¢ [tzou(“’) T L

)+ 1,0t UL + 8,0t U

m,tt

+ 8{t21U(10) + 15089 + 1,0 )+t ULY }

mtt l’nt‘t

+ _(tlo)ZU(ll) + t11U(20) + thUl(Ifg) + thtOU( ) + tloU(Zl)

m,tt

+ tor (Un 405 + to(URV+U5Y) +- ] att=0 (4.89)
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Therefore,
U = 2€[USY + 8t,UGY +-

]+ 2¢2 [U(ZO) + 8t ULY + ]

+263 [(U$°)+U§f§)) +8taoUGY + 8taoULY + 8tioUSY + 8t ( (3°)+U§f§)) .

+---]atr=0

(4.90)

In what follows, simplifications of the terms in (4.89)-(4.90) are carried out to obtain the following
US9(t,,0) = 2BUSD (£,,0) = — (4.91)
(20) _ ro(U) r1(0) _ -ry(0) |, ro(0) Uo_(o) w r1(0) 1’0(0)
U Z(to' 0)2 (0)2+ t 302 = 302 TTer T2 - 2[ 362 ]_
B 3B -16B
] = (4.92)
TC
ul? (5.9)
135B3 862 1 1 s
) () )
86 135 (\B 20+ @) @20 — ) 0
+ 2 (%) 8¢ —— (3ks — k,) —135B3B(1+A ) 493
302\p/ 1358 3 T 8e2 31 (4.93)
where,
A = 1+862{( )S( 1 1 ) ((pn)}_'_ 2 [(*\ 882 8% e — k)
1T 1T 35182 \e20 + @) 020 — @) e /i T302\B) 1358 0 T4
5 _( 3 ) K. = <10 1 )
O \@2—02  4(@?-40%) 4¢?)’ 0 \30% (@2 —6?)
K _( 2 1 + 8) K _( 1 4 1 )
* 7302 (@2-02) 30/ ° 7 \302 ' 4(¢% - 62)
Similarly,
u8o = _B3p (A32 + <E> SOA33> (4.94)
where,
[15 16 k11 ]
211 -——]@1 + cosqty) n R
A = 16 15 0 5 (I =Kkp) (1 —cosQty) (1 —ky3)(1+ coth0)|
32 = |[ 02 — p2 — 402 16(0% — 962) J|
And
_ [ 1+cosy  1+cosQiy [ 42 1 _ 2 1
33— [QZ—(<p+9)2 92—(<p—e)2] ki = [ 3 (B> (LpZ—GZ)]’ kig = [2 <B) <<p2—492)]
US? (5,0) = —4(0) + 22 - 1D (4.95)
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From (4.24h),

1(0) = —1(0) + 2 [BB(0) — 262w} (0)B,(0) — wf (0)8; (0) — 2}(0),6],(0) = “oop- +
4B2

) (4.96)

U(ZO)(n 0)_ 13B2 4B2 +r6(0) ri(0) (13B* 4B? 2132 2B* 17B* 4B?
mt \g’"/) "\ 302 0 92 302 \302 0 )T 0z 302 302 0

) 17 4
=B (W‘é) (4.97)
Also,

a7

2
21 2
Wy = —— (w1)92+ﬂ_2a(f_o_r_1+3(ﬂ))_ (2+B>+ aja? _45/3(0&

202 a a 62 662 aq @2 4(p2-402) 4

B2 (4.98)

1 eZ{al(O)(wl(O)) — 20,0} (0)w}(0)}
a; (0)
+26%{a; (0)(w} (0)a4(0)) — a;(0) (@} (0)a, (0) + w} (0)a(0))}
o (ro © nO, (al(O)a;(O) — a,(0)aj (0)>>

wy(0) =

62 662 a2(0)

GO0 (0 | a?a0)a(0) 458 (0,(0)a;(0)
_{ o7 a(pr—a07) 4( 2 >}

1| (B _(B* 8aB? B
= ~202|9 1752 T 29" 137 302 +B<92 B 551)

8aB3
2aB? 2aB* [ —B.B’Ssy——
- 2a 02~ 6oz +B B2

,(—B*\  a’B(~B) | 45B(—B?)
_{a <<P2 >+2(<p2—492)}_ 8

-t B+2 Bla + B*S, 2 5B* 32(551+ 8) + 232(1 ! )
= T 207|602 362 s1{~ 2% 1302 a " 302) (T %P 42 T 2007 — 202)
458B2
L 156 ]

8

(4.99)

= 0 =~ [E - 2ep - (2 2 ep (- i) pao
2B%a (3;24-%)] (4.100)

Similarly,
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(30)(2 )z_ 3 B3S,0 , B3Syy . B3S,, . 2B3S, (ﬂ)[ 11
Uz 9’0 B"Ses + 0z T gz T aez Tz 0S5 (20-¢) (26+9)

= UgY (g 0)

= BSes + 52 02 ' 362
2B3S, QT [ 1
4.101
+—grcos (G )(29 o) (29+<p) (4.101)
where,
Ses = ~Sea +?+W+?C°S( )[(29 o) (29 T )
where,
1 [6a? a?  Bwy(0) 5
Sea = Se2 = Se3, Sez2 = 292|797 20549 t3gs T T ,h1(0) = B*Se,,
m (2SS, S )
37 \g2 302 862 (p(20—¢)
Also,
(30) 755,(0)cosBt, 153(0)cos20t, 15,(0)cos36%,
U;,?T =1,(0)cosQty + B11(0)sinQiy + —? + 22—46? + 2—902
N 755(0)cos(@ + 0)Ey + 135(0)sin(p + 0)E,
Q2% — (¢ +0)?
757(0)cos(p — 0)Ey + 135(0)sin(p — )i,
+ (g8 (4.102)
, B3S4; . Sus
11(0) = he(0) —4,(0) = 20 —B’S,8 = B? Se6r Se6 = 10 Sag
Similarly, f1{;(0) = hs(0) — B11(0) = —p11(0) = 0 since h5(0) =0
30
o
= B3S Q (”) B*S,, n B3Sig B3S;q 2B°Sycos (%)
=7 e p) T2—e2 T 02—402 T 02—902 02— (¢ + 6)?
2B3S,cos ((’;—n)
02— (p-6)?
i.e,
S (3,0) = B3Ss, (4.103)
where,

_ T S17 S1g S19
Se7 = Sescosl (5) T07-07 " 02—467  02—962
Therefore, the maximum displacement is

1 1 ]

-2
S"COS [92 (@0+0)2 02— (p—0)2
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— 2 _ 2
Ua (Z,0) = 26[2B — 1,88 + ] + 262 [om ~ RECER ] 4 s [ EMAD) _ pap (4, +

ESDAgg)] + 8 [~t20B — £20B + t10B? (sz — 2= ) + toB? (Se5 + Se7) + -] (4.104)

_|up (1 tO(S) 323252( 35t0+ )
- 362 16

2
| 135801 + A3)B°¢? { 80 (45, +ES°A33)}

402 135(1 + Ag;)

8562 {—tzo ts0 t10(17 4

B LY S 4.105
+135,8(1+A31) B2 B2 ' B \3p2 9>+t°(565+ 67)} ( )

A further simplification of (4.105) yields

_ 32B%Dye? | 135B(1+A43,)B3€3
Ua(5,0) = U, = 4BeD, — 2502 BIA90P € (D, + D] + -+ (4.106)
where ,
t06 3t06 892 (A32 + ESOA33)
D,=1-—, D,=1-— , Dy=1-
. 2 z 16 3 135(1 + Asq)

8692 {_tzo fzo th < 17 4’

by = — 2 (o D)+ to(Ses + S
* T 1358(1+4s) | B2 B2 B \362 9>+ 0(Ses + 67)}

Equation (4.106) can be rewritten as

U, = 4BeD, — 322292262 + 13564 +4'2§1)B3D363 [1 + g—:] . (4.107)
Equation (4.107) can further be rewritten as,

U, = €c; + €%c, + €%c3 + - (4.108a)
where,

¢, = 4BD, ,c, = — 3238622D2’ L= 13513(11-2;1)3%3 (1 " g_:) _ 135/3(1+A3:;§3D3(1+D5)
where, Ds = (z—;‘)
To reverse the series (4.108a) as in Ette (2007), we have

€ =dUg +d, U2 +d;3U3 + - (4.108b)

By substituting for U, in (4.108b) and equating the coefficients of powers of €, (4.108b) becomes
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€ =di(ec; + €%c, + €%c3 + ) +dy(ecy + €%cy + €3¢ + )2 + ds(ecy + €2c, + €3¢c5 +

.3 (4.1092)
0(6): 1= d1C1

. d — 1

. 1= o

d, =% _ _¢2
2T i

0(63): 0= d1C3 + 2d2C1C2 + d3Cf

o d. = —(dic3+2dycicy) 2¢2—cic3
e U3 = - 5

3
=1 =1

4.2 The Dynamic Buckling Load, A of the Column

As in (3.1), the dynamic buckling load A, is now obtained from the maximization, % = 0. This is easily
done from (4.108a) to yield,

de _ (de di )
du, \dA dU,,

o d1 + 2UaDd2 + 3d3U§D =0 (4.110)

Where, U, is the value of U, at buckling and solving (4.110) yields,

1
Upp = i{—dz + (d} - 3d,d;)2} (4.111)

The negative root sign in (4.111) is considered because the positive root sign is of no physical significance.
Therefore,

Uap = s{~d; — (a2 — 3d,d 3} 4112
aD_3d3 2 (2 13) ( )

Further simplification of (4.112) yields

[ 1
1 3cq 5c¢2 cy
Usp = ——F—=<|— —5<1 - ) !1 - 31 ‘ (4.113)
|

—C3 (1 _ ZCZZ) Cl
ct cic3 l
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But,

3

(4.114)

1 s 3
g 1 {4BD}? 1 { 64B3D3.492 }z _ 166D? _
3c; 3 |3(135(1+431)B3D3(1+D9)} |~ v3 l4058B3D5(1+Ds)(1+431)) ~ 9/15BD3 (1+D5)(1+431)

462

3
166 DZ\ _ 160Ds _ 166Ds
Y - i
9/15B (1+D5)(1+A431) b2 NISE o 15p2

(3)
D3
where, - Dg = J(1+Ds)(1+431)

Further simplification of terms in (4.114) yields

NjR

166D, [ 3{1 —Dg}] _ 160DD;,

aD — 1 1
9v15p2 Do 9v1582
where,
112
D,=1-3% [1 _ 1024((5)oi l
3cqc3 72962D1D3(1+Ds)(1+A31)

32 (%) D,
C2 _ 1 ﬁf

=1+
2 )% 27v56/D,D;D, (1 + D5)(1 + Az;)

2
203 204803 (%)
Dy=(1--2)=1-
? ( ) 121562D,D5(1 + A31)(1 + Ds)

C1C3
1
Writing, D;o = [D72 {1;:)3}], (4.116) becomes, U,p = 163D_:Zi0
9V15p2

To determine the dynamic buckling load, A5, (4.108a) is evaluated at buckling to get,
€ = dIUaD+d2U§D + d3U3D + .-

Multiplying equation (4.117) by 3, the following is obtained

3e = SdIUaD‘l'SdzUazD + 3d3U§D + .= 3(d1UaD+d2U£D) + UaD(BdSUC%D) + .-

But from (4.110),
3d3U§D = _dl - ZdZUaD

Substituting (4.118) for 3d;UZ2, in (4.117) yields,

d, UaD)

3e = 3(d1UaD+d2Uz§D + UaD + = 2d1UaD + dngD = ZdluaD (1 + 2d
1

(4.115)

(4.116)

(4.117)

(4.118)

(4.118)

(4.119)
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On substituting for d, d, in equation (4.119), the following is obtained

3¢ =2 U, (1-222) (4.120)

Ccq ZC%

On substituting for ¢y, ¢, and U, in equation (4.120), the following is obtained

166DgD1o
2(—1> (—:uaszvz)
3¢ = S ovmsaz Jfy a6 {166D6Dm} _ _88DgDiq ll"'( aD, )(169D6D10)] _ _88DgDiq 14

B0 2(4BDy? WEB% 9\/ED15%3 (D10 9@5% 9x/ﬁDlﬁ%3
16(11>D2D6D10]
B2
27V15D%6 (4.121)
1 16 (% | D,DgD
3 8(16m* — 81,m? + 1)2D¢D;,(16m* — 81,m? + 1) . (ﬁ§> 27er1o
= J€ = 0
915D, Bz. 81, m?a,, 27\/15D%6
i.e,
[ a ]
3 16 (< | D,DgD
(16m* — 82,m? + 1)2DgD; | . a) e wI
€ = T
9VI5D, B2 (Apm>Tyy) Il 27\/150129(AD)J|
-1
3 16<ﬁ>D2DsD1o
~ (16m* — 81pm? + 1)z = 27V15D; (Ap€) m2m| 1+ —273%29(1 ) | (4.122)
1 D

A simple computer programme, written on Q-basic, gives the values of the dynamic buckling loads, A,, at
different values of € and § using equation (4.122).

Table 1. Relationship between the dynamic buckling load and the imperfection parameters for
different values of damping factors, using equation (4.122)

a,€ Ap for 6=0 Ap for 6 =0.01 Ap for 6 =0.03
0.01 1.87913 1.87789 1.87548
0.02 1.81858 1.81736 1.81496
0.03 1.77694 1.77571 1.77332
0.04 1.74427 1.74306 1.74068
0.05 1.71702 1.71582 1.71345
0.06 1.69344 1.69225 1.68989
0.07 1.67257 1.67138 1.66903
0.08 1.65376 1.65257 1.65023
0.09 1.63659 1.63541 1.63307
0.1 1.62076 1.61959 1.61726
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Fig. 1. Relationship between the dynamic buckling load and the imperfection parameters for different
values of damping factors, using equation (4.122)

Table 2. Relationship between the dynamic buckling load and the damping factors for different values
of Imperfection Parameters, using equation (4.122)

0 Apfora;e =0.01 Apfor a;e =0.03 Apfor a;e =0.05
0.01 1.87789 1.87789 1.87789
0.02 1.87667 1.87667 1.87667
0.03 1.87548 1.87548 1.87548
0.04 1.87431 1.87431 1.87431
0.05 1.87316 1.87316 1.87316
0.06 1.87204 1.87204 1.87204
0.07 1.87093 1.87093 1.87093
0.08 1.86985 1.86985 1.86985
0.09 1.86878 1.86878 1.86878
0.1 1.86773 1.86773 1.86773

Ao 1.88 -

a

s 1878 1 A == )\, forae=0.01

= 1.876 - ' - B

Q 174 | _ g Ay fora,€=0.03

E 1.872 - = hA )\D for al€ =0.05

o hh |

2 1.87 - I .

§ 1.868 - Ty

< 1.866 -

=

E 1.864 -

1-862 T T T T T T T T 1
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
DAMPING PARAMETERS s

Fig. 2. Relationship between the dynamic buckling load and the damping factors for different values
of Imperfection Parameters, using equation (4.122)
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4.3 Analysis of the result

The analysis of the result of the simple elastic model column structure trapped by a step load and lying on a
quadratic-cubic foundation is hereby presented. The dynamic buckling load decreases with increased
imperfection amplitudeas can be clearly seen in Table 1 and Fig. 1. This is equivalent to saying that, the
nearer the structure is to a perfect nature, the more stable it is for a step load. In the same token, it can be
clearly observed that there is decrease in the dynamic buckling load with increase in the damping
parameters, as can be clearly seen in Table 2 and Fig. 2.

5 Conclusion

The research discussed the analysis of the dynamic buckling of a clamped finite imperfect viscously damped
column that is subjected to a step load lying on a quadratic-cubic elastic foundation, using the methods of
asymptotics and perturbation technique. The formulation of the governing equation contains 6 and €
independent parameters which are used in asymptotic expansions of the relevant variables. Through the
research, two main conclusions are obtained: the dynamic buckling load decreases with increased
imperfections, the dynamic buckling load decreases with increase in damping.

The perturbation and asymptotic techniques applied in this work made it possible to change ordinary
differential equations to partial differential equations. This method turns ordinary differential equations into

partial differential equations to solve them. This method is not limited to the elastic model structure, but can
also be used in other structural forms such as cylindrical shells, plates, etc.
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