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Abstract

In this paper, we present linear summation formulas for generalized Hexanacci numbers and
generalized Gaussian Hexanacci numbers. Also, as special cases, we give linear summation
formulas of Hexanacci and Hexanacci-Lucas numbers; Gaussian Hexanacci and Gaussian
Hexanacci-Lucas numbers. We present the proofs to indicate how these formulas, in general,
were discovered. In fact, all the listed formulas may be proved by induction, but that method of
proof gives no clue about their discovery.
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1 Introduction and Preliminaries

In this work, we investigate linear summation formulas of generalized Hexanacci numbers and
generalized Gaussian Hexanacci numbers.

Some summing formulas of the Pell and Pell-Lucas numbers are well known and given in [1, 2], see
also [3]. For linear sums of Tribonacci and Tetranacci and Pentanacci numbers, see [4], [5, 6] and
[7], respectively.

First, in this section, we present some background about generalized Hexanacci numbers. There
have been so many studies of the sequences of numbers in the literature which are defined recursively.
Two of these type of sequences are the sequences of Hexanacci and Hexanacci-Lucas which are
special case of generalized Hexanacci numbers. A generalized Hexanacci sequence {Vi}n>0 =
{Va(Vo, Vi, Vo, V3, Vi, V5) }n>o is defined by the sixth-order recurrence relations

Via=Voci+ Voo +Vag + Vs + Vs + Vs (1.1)
with the initial values Vo = co, Vi = c1, Vo = ¢2, V3 = ¢3, Vi = ¢4, V5 = ¢5 not all being zero.
The sequence {V;, }n>0 can be extended to negative subscripts by defining

Von = =Voon) = Vetne2) = Vo) = Veu-a) = Vegnos) + Vo(n-o)
for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.

The first few generalized Hexanacci numbers with positive subscript and negative subscript are
given in the following Table 1:

Table 1. A few generalized Hexanacci numbers

n Va V_n

0 Co Co

1 c1 —Ccp—Cl —C2—C3—cC4+cC5
2 C2 204 — Cs

3 C3 203 — C4

4 C4 262 — C3

5 Cs 201 — C2

6 co+ci+ca+c3teatcs 2co — c1

7 co + 2¢1 + 2¢2 + 2¢3 + 2¢4 + 2c¢5 —3co — 2¢1 — 2¢9 — 2¢3 — 2¢4 + 2c5
8 2co + 3c1 + 4ca + 4es + 4ea + 4es co+c1+c2+c3+ 5ea — 3es
9 4eo + 6¢1 + Tes + 8¢z + 8¢ + 8cs 4es — 4eq + e

10 8co + 12¢1 + 14c¢2 + 15¢3 + 16¢4 + 16¢5 4co — 4eg + ca

11 16c¢co + 24c¢1 + 28c2 + 30c3 + 31cq + 32¢5 4e¢1 — 4eo + c3

We consider two special cases of {V,}n>0. Hexanacci sequence {Hp,},>0 and Hexanacci-Lucas
sequence {Ep},>0 (also called as Esanacci or 6-anacci sequence) are defined by the sixth-order
recurrence relations

Hn - an1+Hn—2+Hn73+Hn74+Hn75+Hn76a HO - 07H1 - 15H2 - 17H3 - 27H4 - 47 H5 =38
(1.2
and

En=FEpna+En o+En 3+Ey 4+E, 5+E,_s, Ey=6,E1=1,FE=3,FE3="7FE; =15,E5 =31
(1.3)
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respectively. Note that H, is the sequence A001592 in [8] and F, is the sequence A074584 in [§].

Next, we present the first few values of the Hexanacci and Hexanacci-Lucas numbers with positive
and negative subscripts in the following Table 2:

Table 2. A few Hexanacci and Hexanacci-Lucas Numbers

n —1 10 -9 & -7 -6 -h —4 —3 2 -1 0D 1 2 3 4 5 6 7 B
Hn 2 0 0 0 0 -1 1 0 0 0 1R I O " T 8 16 32 63
E. -1 -1 -1 -1 -§ 11 -1 -1 -1 -1 -1 6 1 3 T 15 31 63 120 239

2 Linear Sums of Generalized Hexanacci Numbers

The following Theorem present some summation formulas of generalized Hexanacci numbers.

Theorem 2.1. For n > 0, we have the following lineer sum identities:
(@) Y oVi=1(Vats — Vags — 2Vogo — 3Voga + Vi — Vs + Va + 2V5 + 3V1 + 4V))
(b) > o Vaki1 = (8Vant2+2Van — Van 1+ Van—2 —2Van 5 +2V5 — 5Vi+3Vs —4Va +4V1 — 3Vp),

() Sh_oVok = 2(—2Vanso +5Vani1 +2Van +4Van_1 + Van—2 + 3Van_3 — 3Vs + 5V4 — 2V5 + 6V2 —
Vi+ 7Vo),

(d) Yn_oVak = £(—3Vany3+5Vania+3Vani1+ Van+4Van_1+2Van o —2V5+TVs— Vo + V1 +8V0),
(€) Yn_oVaks1 = £(2Vants — 2Vany1 + Van — Van 1 — 3Van o — 2V5 + 5V — 3V5 — Vo 4 611 — 2V))
() > o Varye = %(QVBnJra* +3Vant1 + Van — Vap—1 +2Van_o +3Vs — 5V4 — 3V3 +4V2 — 4V1 — 2Vp)
(8) >or_oVar = %(—2V4n+4+3V4n+3+V4n+2+3V4n+1+2V4n+2V4n4—2V5+4V4—V3+V2—V1+5V0)
(h) >7 o Vakt1r = 2 (Vanta — Vanys + Vansz — 2Van—1 + 2V5 — 3Va — Vs — 3V2 + 3V — 2V%)

(i) ZZ:O Vigyo = %(2V4n+3 + Vinto + Vant1 — Van + Vian—1 — Vs + Vi — V3 4+ 5V + 2V))

@) ZZ:O Vikys = é(2‘/4n+4 + Vints + Vango — Vans1 + Van — 2Va +4Vs — Vo + V1 — W)

(k) ZZ:O Vs = % (=Vsn45+5Vonta+14Vsni3+18Vept2 + 17Vsny1 + 11V, +9V5 — 5V, — 14V5 —
18V — 17V1 + 14Vh)

1) > Vortr = %(_4‘/577,+5 4+ 5Vsnta + OVsny3 + 8Vsngo + 2Vsnp1 — Vs, +4Vs — 5V4 — 913 —
8Va + 23V + 9V%)

(m) ZZ:O Vsky2 = %(‘/Bn+5 + OVsnga +4Vsniz — 2Vsnyp2 — 13Vsng1 — 4Vsn — Vs — 5Vy — 4V3 +
27Va + 131 + 4V)

(n) i o Vokss = 55(6Vanys + 5Vanta — Vants — 12Vany2 — 3Vant1 + Vo — 6V5 — 5Va + 26Vs +
12Vs + 3Vi — Vh)

(0) Yh_o Vakya = %(11‘/511-0—5 +5Vsnta —6Vsni3 +3Vango + "Vsng1 +6Vsn — 11V5 420V, +6V3 —
3Va — TV — 6Vo)

Proof. (a), (b), (c) can be proved as in the case of (d),(e),(f) so we omit their proof.
(d),(e),(f) Using the recurrence relation
Vie=Vio1 +Via+ Vg + Vieea + Vs + Vs

ie.
Vic1 =V = Vo = Vi3 = Vieea = Vs — Vi
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We write the obvious equations

Vo = ViV —Vio—Vig—Vog—V.s
Vs = Vu-Vo-Vi—-V—-V_1-V_
Vo = Vi=Vs-Va-Vz-Voa-W;
Vo = Vio—-Vea—-Ve—-Ve—-V5-V4
Vi = Vis—Vii—Vig—Vo—Vs =V
Vis = Vie —Via —Viz — Via — Vi1 — Vi
Vis = Vig—Vir —Vig —Vis — Via — Vi3
Vo1 = Vaa — Vo — Vig — Vis — Vi — Vig
Vou = Vas —Vag — Vag — Vo1 — Voo — Vig
Vor = Vag — Vog — Vo — Vg — Vag — Vo
Van—e = Van—s —Van—7 — Van—g — Van—9 — Van—10 — Van—n1
Van—s = Van—o —Van_a — Van_s — Van_6 — Van—7 — Van_s
Van = Vang1 —Vano1 — Vanoa — Va3 — Vau — Vs

Now, adding these equations, we have

Z Var = (Z V3k+1> + ( Z Vakto — Vo1 + V3n+2> + ( Z Vakt1 — Voo + V3n+1>
k=0 k=0 k=0
+ 1 - Z Vi — Voz + V3n> + <— Z Vakto —Vou — Vo1 + Va1 + V3n+2>

k=0 k=0

+ <— Z Vagyr = Vs = Voo + V30 + V3n+1)
k=0

23 Ve = 2Vant2+ 2Vausr + Van + Vano1 4+ Vanoz — Vg = Vog = Vog — 2V — 2V,
k=0

-2 Z Vaky2 — Z Vak+1
k=0 k=0
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Similarly, we write the obvious equations

Voo = W=V -Vi3-V_4-V_i5-Vg
Vo = Va—-Vi—VW—-V_1-V.2-V_3
Vo = V—-Va-Vs—-Va—-V1i-Vj
Ve = Vo—-Ve—-Ve—-V5s-V4i-V;
Vit = Via—Vio—Vo—Vs—Vr = 1%
Via = Vis—Vizs—Via— Vi1 —Vip— Vo
Vir = Vis —Vie — Vis — Via — Viz — Vi
Voo = Va1 —Vig —Vis — Vir — Vig — Vis
Vas = Vag — Voo — Vo1 — Voo — Vig — Vis
Vag = Va7 —Vas — Vau — Vaz — Vag — Vo
Vanea = Vanog —Vans — Van6 — Van—7 — Van_s — Van_o
Vano1 = Vap —Van_o — Van_g — Van—a — Van_5 — Van_s
Vantza = Vapnyz — Vapgr — Van — Va1 — Vap_o — V353

Now, adding these equations, we obtain

n n n n
Voi4 > Vapya = <V3n+3 + > V3k> + (*V—Q -> V3k+1> + (*V—s -3 VSk)
k=0

k=0 k=0 k=0

n n
+ <V3n+2 -V -Vog- V3k+2> + <V3n+1 —Voa—Vos— > V3k+1>

k=0 k=0

n
+ <*V—6 —V_g+Van — VSk)
k=0

2> Vapgz
k=0

—V_g— Vo5 —V_yq—2V_3—-2V_o5 —2V_1 + V3py3+ Vinta + Vant1 + Van

n n
-2 Vapp1 — . Vak
k=0 k=0
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Similarly, we write the obvious equations

Vo = Voau—-Vi3-V_4—-Vis5-Veg—-V_y

Vi = Vo—-W-V_1-V_o-V_3-V_4

Vi = Vs—=Va—-Vo-Vi—Vo -V,

Vi = Ve—Voe—-Vs—-Vui—-V3-V,

Vio = Vu—-Vo-Ve—-Ve-Vs6-V5

Vis = Via—Via—Vii —Vip— Vo — Vs

Vie = Vir—Vis —Via —Viz = Via = Viu

Vie = Vao—Vig—Vir —Vig — Vis — Viu

Voo = Vag — Vo1 — Vog — Vig — Vig — Vi

Vas = Vag — Vaa — Vaz — Voo — Va1 — Vo
Vanes = Van—a —Vapn6— Van—7 — Van—s — Van—g — Vapn_s
Van—o = Vano1 —Van—g — Van—a — Va5 — Van—6 — Van—r
Vant1 = Vanyz — Van — Vano1 — Van—2 — Van—3 — Vap_a

Now, adding these equations, we obtain

n n n n
Vio+ > Vapyr = (V—l +> V3k+2> + (*V—s -> V3k> + <V3n+2 Vo4 -Voi -y V3k+2>
k=0

k=0 k=0 k=0

n n
+ <V3n+1 Vs —Voa— > V3k+l> + <V3n. —Vog—Voz— >, V3k>

k=0 k=0

n
+ <V3n71 + Vango —Vor —Voy = Vg — > V3k+2)
k=0

n
23" Vapga Vo7 —2V_ 2 —V_g—-V_5—-2V_4 —2V_3—-V_1 +2V340+ Vany1 + Van. + Van_1
k=0

n n
-2 Vg — > Vagqa
k=0 k=0
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Solving the following system

n
23 Vap = 2Vany2+2Vipi1+ Van + Vano1+ Vano2 — Vos — Vg — Vog —2V_5 — 2V
k=0

-2 Vagy2 = 3 Vakgr
k=0 k=0
n

2 Vappa = —Vog—Vo5—V_4—2V_3—2V_p—2V_1+ Vanys+ Vantz + Vang1 + Van
k=0

n n
“2> Vapp1 — > Vak
k=0 k=0
n

2Y Vapp1 = Vg —2Voo-V_g—V_5-2V_4—2V_g—V_1+2V3n42+ Vant1 + Van. + Van_1
k=0

n n
=23 Vap — > Vapgo
k=0 k=0

we find
ShoVak = £(—3Van43 +5Vango + 3Vani1 + Van +4Van_1 + 2Vay_2 — 2V5 + 7V3 — Vo + V1 + 8Vp),

R0 Vakt1 = £ (2Van4s — 2Vang1 + Van — Van—1 — 3Van_2 — 2V5 + 5V, — 3V3 — Va + 6V — 2V)),
R0 Vakt2 = £ (2Van4s + 3Vani1 + Van — Van—1 + 2Van_2 + 3Vs — 5V — 3V3 + 4Vp — 413 — 2V)).

(g),(h),(i),(j) As in the cases (d),(e),(f), solving the following system

n
23 Vapg = 2Vanys + Vang2 + Vang1 + Van + Vapo1 —2Vo1 = Voo — Vg = Vo4 — V_5 —

k=0
n

n
Viky2 — 2 Z Vik+3
k=0 k=0

n n n
2) Vaggr = Vi -Voo—V.3—V 4+ Vinys+ Vanyo+ Vangyi +Van. — > Vargz —2 > Vag
P k=0 k=0
n n n
2> Vagt2 = Vipgs 4 Vingo + Vangr — Vo1 = Voo = Voz =2 > Vaggr — D> Vi
k=0 k=0 k=0
n n n
2> Vagss = Vinga+ Vangs+ Vingz —Vo— Vo1 = Voo =2 Viggo — D Vagg
k=0 k=0 k=0

we find

NE
=
Eal

Il

1
g(*2V4n+4 +3Van+43 + Vant2 +3Vant1 +2Van +2Van 1 — 2Vs +4Vy — V3 + Vo — Vi + 5Vp)

k=0

d 1

S Vigyr = E(V4n+4 = Vant+3 + Vanq2 — 2Vap—1 + 2Vs — 3Vy — V3 — 3Va + 3V1 — 2Vp)
k=0

i 1

3 Vi = 5(2V4n+3 + Vant2 + Vant1 — Van + Van—1 — Vs + Va — V3 + 5V2 + 2Vp)
k=0

\E

1
Vak+3 5(2V4n+4 + Van+ts + Vant2 — Vant1 + Vap —2Va +4V3 — Vo + V1 — Vo)

x~
I
o
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(k),(1),(m),(n),(o) As in the cases (d),(e),(f), solving the following system

n
2 Z Vsk = Vsnga+Vsngsz+Vsng2a+Veng1 +Vosn — Vo1 — Voo —V_3-V_4—-V_g5
k=0
n n n
= > Vskta — 2 Vaits — D Vekt2
k=0 k=0 k=0
n
23 Viptr = Vengat Vengs+ Vengo + Veng1 — Vo1 — Voo — Vg — Viy
k=0
n n n
=D Vakta— D Voris — 2 Vsk
k=0 k=0 k=0
n n n n
2> Vippz = Vengat+ Vengs+ Vengo — Vo1 — Voo — Vg — > Vipqa — O Va1 — . Vi
k=0 k=0 k=0 k=0
n n n n
23 Vokys = Venga+ Vengs —Vor— Voo — D> Vipgo — O Veep1 — 9 Ve
k=0 k=0 k=0 k=0
n n n n
23 Vipga = Vengs+ Venga —Vo— Vo1 — D Vekys — O Va2 — DO Vokst
k=0 k=0 k=0 k=0
we find
n 1
S Vs o= E(—9V5n+5 + 5Vt + 14V, 13 + 18Va, 1o + 17Vs, 11 + 11Vs, + 9Vs — 5V — 14V3
—18Vy — 17V} + 14V()
n 1
kZO Vsk+1 = ;(*4V5n+5 +5Vsnta +9Vsn43 +8Vengo +2Veny1 — 9Vsp +4Vs — 5Vy — 9V — 8Vp 4 23V) +9Vp)
= 0
n 1
kZO Vek4+2 = £<V5n+5 +5Ven4a +4Ven43 — 2Venq2 — 183Vep 1 — 4Vep — Vs — 5Vy — 4V3 4 27V + 13V +4Vp)
n, 1
kZO Vok+s = 5-(OVengs T5Venta = Vonga ~12Ven42 — 3Veng1 + Von — 6V5 —5Vy +26V5 +12V5 +3V) — Vo)
= 5
n 1
RZO Vok+a = ;(11‘/5n+5 +5Vsn4a —6Vspn43 +3Vsnyo +7Vspy1 +6Vsy — 11V5 + 20V + 6V3 — 3Vy — 7TV — 6V)).
= 5

As special cases of above Theorem, we have the following two Corollaries. First one present some
summation formulas of Hexanacci numbers.

Corollary 2.2. For n > 0, we have the following formulas:

(@) Yr_oHr = +(Hnys — Hnys — 2Hpyo — 3Hnq1 + Hp — 1)

(b) i o Hary1 = 2(3Hany2 + 2Han — Hap 1 + Hap o — 2Hap 3+ 2)

(c) >p_oHox = é(*2H2n+2 + 5Hant1 + 2Hop +4Hopn—1 + Han—2 + 3H2n—3 — 3)
(d) Yo Hsk = %(_3H3n+3 + 5H3nt2 + 3Hsnt1 + Hspn +4Hsn—1 + 2Hspn—2 — 2)
(€) Yn_oHsks1 = £(2H3nt3 — 2Hzni1 + Han — Han1 — 3Hsn_2 + 3)

(f) >oh_oHski2 = £ (2Hsnts + 3Hsnt1 + Hsp — Han—1 + 2Hzn 2 — 2)

(8) > p_oHu = %(*2H4n+4 + 3Hun+3 + Hant2 + 3Hant1 + 2Han + 2Han—1 — 2)
(h) >p_ Hakyr = %(H4n+4 — Hant3 + Hango — 2H4pn—1 + 2)

(i) >r_oHaryo = %(2H4n+3 + Hunto + Hing1 — Han + Hin—1 — 1)

(J) ZZ:O Hapys = %(2H4n+4 + Hant3 + Hanta — Hant1 + H4n)

(k) >p_oHsk = 55 (—9Hsn15 + 5Hsnia + 14Hsny3 + 18Hspnio + 17Hsn 1 + 11Hs, — 11)
1) > Hskyr = %(_4H5n+5 + 5Hsn44a + 9Hsn43 + 8Hsni2 + 2Hsn+1 — 9Hsn + 9)
(m) > o Hskqz = %(H5n+5 + 5Hsnta +4Hs5n43 — 2Hsn42 — 13Hspn41 — 4Hsp + 4)
(n) Yh_o Hskys = 5= (6Hsnis + 5Hsnya — Hsnys — 12Hsny2 — 3Hsny1 + Hsn — 1)
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(0) > 7 o Hskya = 715(11H5n+5 + 5Hsn44a — 6Hsnt3 + 3Hsnt2 + THsny1 + 6Hsy, — 6).

Next Corollary gives some summation formulas of Hexanacci-Lucas numbers.

Corollary 2.3. For n > 0, we have the following formulas:

(@) Yr_oBEr=2%(Enys — Enys — 2Eni2 — 3Eni1 + En +9)

(b) > o Poks1 = é(3E2n+2 + 2E2n, — Eon—1 + E2n—2 — 2E2,_3 — 18),

(c) >ioFor= %(*2E2n+2 + 5E2n+1 + 2E2n + 4FE2n-1 + Fan—2 + 3E2n_3 + 27),
(d) i Es = %(_3E3n+3 + 5F3n42 + 3E3n41 + Esn + 4E3n—1 + 2E3,—2 + 33),
(€) Yn_oEsks1 = +(2Fs3n43 — 2E3n41 + Esn — Ean_1 — 3E3n_2 — 17)

(£) >k—o Esktz = %(2E3n+3 + 3E3n4+1 + E3n — E3n—1 4+ 2E3p—2 +3E5 — 7)

(8) Yi_oEar = 2(—2Fun+a + 3Eants + Eunyo + 3Eant1 + 2F4n + 2E4n—1 + 23)
(h) Y7 o Fapyr = %(E4n+4 — Esny3+ Esnyo —2E4n-1 — 8)

(i) >r_g Fakyo = %(2E4n+3 + Eant2 + Eant1 — Ean + Eano1 +4)

() Yr_oBarts = £ (2Banya + Banys + Bany2 — Bany1 + Ean — 10)

(K) Sy sk = & (—9Bsn1s + 5Bsnia + 14Bsn 15 + 18512 + 17Esn i1 + 11Es, + 119)
M) i Eskr = %(_4E5n+5 + 5E5n44 + 9E5n+3 + 8Fsnt2 + 2E5n41 — 9E5, + 39)
(m) >0 Eskyo = %(Esn-;-s + 5E5n+4 + 4F504+3 — 2E5n4+2 — 13E5p41 — 4E5, — 16)
(n) Y o Eskis = 55 (6Esnys5 + 5Fsn14 — Esnts — 12Esn 42 — 3Esn11 + Esn — 46)
(0) Yp_oEskqa = 715(11E5n+5 + 5E5n4+4 — 6Es5nt3 + 3E5n42 + TEsnt1 + 6E5, — 51)

3 Linear Sums of Generalized Gaussian Hexanacci
Numbers

A Gaussian integer z is a complex number whose real and imaginary parts are both integers,
ie, z = a+ib, a,b € Z. 1If we use together sequences of integers defined recursively and
Gaussian type integers, we obtain a new sequences of complex numbers such as Gaussian Fibonacci,
Gaussian Lucas, Gaussian Pell, Gaussian Pell-Lucas and Gaussian Jacobsthal numbers; Gaussian
Padovan and Gaussian Pell-Padovan numbers; Gaussian Tribonacci numbers. Gaussian generalized
Hexanacci numbers {GV,, }n>0 = {GVa(GVo, GV1, GVa, GVs, GV, GV5)} >0 are defined by

GVn = GVn—l + GVn—2 + GVn—S + Gvn—4 + Gvn—5 + GVn—G, (31)
with the initial conditions

GVo = co+(—co—c1—c2—c3+ca)i,GVi = c1 + coi, GVa = c2 + ci,
GV = c3+ ca1, GVy=cq4 + c3t, GVs = c5 + cat

not all being zero. The sequences {GV, },>0 can be extended to negative subscripts by defining

GV_, = —GV,(nfl) — GV,(n,Q) — GV,(H,P,) - GV,(n,4) — GV,(nfs)) + GV,(n,G)

for n =1,2,3,.... Therefore, recurrence (3.1) hold for all integer n. Note that for n > 0

GV = Vi + iV 1 (3.2)
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and
GV =V o +iV_ 1.

The first few generalized Gaussian Hexanacci numbers with positive subscript and negative subscript
are given in the following Tables 3 and Table 4:

Table 3. A few Gaussian generalized Hexanacci numbers with positive subscript

GV,
co+ (—co—c1—ca—c3—catcs)i
c1 + cot
ca + ci1t
c3 + ot
c4 + c31
cs + cat
(co+c1+c2+cs+catces)+esi
(co+2c1+2c2 +2c3+2¢4 +2¢5) + (co+c1+c2+c3+ca+cs)i
(20 + 3c1 + 4ea + 4des + dea + 4es) + (co + 21 + 2¢2 + 2¢3 + 2¢4 + 2¢5)1
(400 + 6¢1 + Teo + 8¢z + 8cy + 865) +4 (260 + 3c1 +4co + 4es + 4eq + 4C5)i
(800 + 12¢1 + 14c¢2 + 15¢3 + 16¢4 + 1605) + (400 + 6¢1 + 7co + 8cs + 8cq + 805)’i
(1600 —+ 2461 + 2862 + 3063 —+ 3104 —+ 3265) + (860 + 1261 =+ 1462 —+ 1563 =+ 1664 + 1665)1

— =
== JEe RN I AN VO R

Table 4. A few Gaussian generalized Hexanacci numbers with negative subscript

GV_,
co+(—co—c1—c2—c3—catcs)i
(—Co —cCc1 —Cy—c3—cCq4+ C5) + (204 — C5)’i
(2¢4 — ¢5) + (2¢3 — ca)i
(203 - 64) -+ (262 - C3)’i
(202 — 03) + (201 — Cz)i
(261 — 62) —+ (260 — Cl)i
(200 — Cl) -+ (7300 —2c1 — 2¢2 — 2¢c3 — 2¢4 + 205)i
(—300 —2¢1 — 2¢9 — 2¢3 — 2¢4 + 205) + (Co +c1+c2+c3+ beyg — 305)i
(co+c1+ca2+c3+5ca —3cs) + (deg — 4ea +c5)i
(463 —4dey + C5) =+ (462 — 4e3 + C4)’i
(402 — 4c3 + 04) + (401 — 4co + Cg)’i
(461 — 4co + 63) + (460 —4c1 + Cg)i

—_ =
== N N N N =

We consider two special cases of GV, : GV, (0,1,1 4+ 4,2 + 4,4 + 24,8 4+ 4i) = GH,, is the sequence
of Gaussian Hexanacci numbers and GV, (5 — 4,1+ 54,3 4+ 4,7 + 3¢, 15 + 74,31 + 15i) = GE, is the
sequence of Gaussian Hexanacci-Lucas numbers. We formally define them as follows:

Gaussian Hexanacci numbers are defined by
GHn - Ganl + GHn—Q + GHn73 + Ganzl + GHn75a +GHn765

(3.3)

with the initial conditions

GHo=0,GH, =1,GHs =1+4,GHs =2 +1i,GHy = 4+ 2i, GHs = 8 + 4i

10
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and Gaussian Hexanacci-Lucas numbers are defined by
GE,=GEn 1 +GEy 2+ GEn 3+ GEn_4s+GEn_5+GEq_6 (3.4)
with the initial conditions
GEo=5—-14,GE1 = 1+5i,GEy =3 +i,GE3 = 7+ 3i,GEs = 15+ 7i, GEs = 31 + 15i.

Note that for n > 0
GHn = Mn + iMn—l, GEn = Rn + iRn—l

and
GH—n =M_,+ iM—'n—ly GE—n =R ,+iR_n_1.

Next, we present the first few values of the Gaussian Hexanacci and Hexanacci-Lucas numbers with
positive and negative subscripts in the following Table 5:

Table 5. A few Gaussian Hexanacci and Hexanacci-Lucas Numbers

n 0 1 2 3 4 5 6 7 8
GH, 0 1 T+74 2+ 4+ 20 8+ 4 16 + 8¢ 32 + 167 63 + 327
GH_, 0 0 0 0 i 1—1 — 0 0
GE, 6 —1 1+ 617 3+1 7+ 31 1547 31 + 154 63 + 317 1204637 239 + 1207
GE_, 6 —1 —1—-45 —-1—-3 —=1-3 -1 -3 —14 112 11 — 8¢ -8 —1 —1—1

The following Theorem present some summation formulas of Gaussian generalized Hexanacci numbers.

Theorem 3.1. For n > 0, we have the following lineer sum identities:

(8) Y0 o GVi = £(GViss — GViss —2GVip2 —3GVig1 + GVi — GVs + GVs +2GVe + 3GV +4GVp)

(b) >h_oGVary1 = é(3G‘/2n+2 +2GV2y — GVap—1+GVan—2 — 2GVap_3+2GV5 —5GVy +3GV3 —
4GVa +4GV1 — 3G V),

(c) 22:0 GV = %(_20‘/2714»2 + 5GVapi1 + 2GVay, + 4GVay—1 + GVop—2 + 3GVay—3 — 3G Vs +
5GVy — 2GV3 + 6GVa — GVi + TGV),

(d) Y i oGVar = %(_30‘/3n+3 + 5GVapi2 + 3GVapi1 + GVay + 4GVa—1 + 2GV3p—o — 2G Vs +
TGVs — GVa + GV1 + 8G V),

(€) Yn_oGVakp1 = £(2GVanis —2GVan i1 4+ GVan — GVan1 — 3GVan_2 — 2GV5 +5GVy — 3GVs —
GVa + 6GV1 — 2GV))

(£) > o GVarsa = £(2GVany3 +3GVani1 + GVan — GVan_1 4+ 2GVan_2 4+ 3GVs — 5GViy — 3GVs +
4G Vs — 4Gy — 2GVG)

(8) Yr_oGVak = $(—2GVinya + 3GVings + GVantz + 3GVint1 4 2GVan + 2GVan—1 — 2GVs +
4GVy — GVs + GV — GV1 + 5G Vo)

(h) > o GVagsr = %(G‘/éln+4 — GVints + GVingo — 2GVyp—1 + 2GVs — 3GV, — GV3 — 3GV, +

3GVL — 2GV)

(i) ZZ:O GVZUC‘FQ = é(QG‘/zl”H’?) +G‘/4n+2 + G‘/zln+1 - GV;ln +GV217171 - GVYS + GVZL - GVB + 5GV2 +
2GVp)

6)) ZZ:O GVigys = %(2G‘/21n+4 + GVants + GVingo — GVant1 + GVan — 2GV4 + 4GV — GVa +
GVi — GWy)

(k) Z::O GV = %(—QGVEmJ,_s +5GV5n+4+14GV5n+3+180V5n+2+17GV5n+1+11GV5n+QGV5—
5GVy — 14GV3 — 18GVa — 17GVy 4+ 14GV)

M) >0 GVsry1 = %(_4G‘/5n+5 +5GVsn44 +9GVsnt+3 +8GVsni2 +2GVspt1 —9G Vs, +4G V5 —
5GVy — 9GV3 — 8G'Va + 23GV4y + 9G V)

11
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(m) >0 GVikta = 5= (GVsnts + 5GVanya + 4GVsnis — 2GVany2 — 13GVany1 — 4GVs, — GVs —
5GVy — 4GV + 27TGVa + 13GVh + 4GV,)

(m) > o GVarys = %(6GV5n+5 4+ 5GVspta — GVinys — 12GVspq2 — 3GVsnt1 + GV, — 6G Vs —
5GVi + 26G Vs + 12GV, + 3GVi — GVp)

(0) YhoGVikya = 3= (11GVani5+5GVanta —6GVony3+3GVania + 7GVsni1 +6GVan — 11G V5 +
20GVi + 6G Vs — 3GVa — TGVi — 6GVh).

Proof. (a)-(o) can be proved exactly as in the proof of Theorem 2.

As special cases of the above Theorem, we have the following two Corollaries. First one present
summation formulas of Gaussian Hexanacci numbers.

Corollary 3.2. For n > 0, we have the following formulas:

(a) Yr_oGHy = :(GHnys — GHnys — 2GHpyo — 3GHui1 + GHy — 1 — i)

(b) >u_oGHary1 = £+ (3GHant2 + 2GHan — GHap 1 + GHan o — 2GHap 3 + 2 — 3i)

(¢) Yp_oGHar = :(—2GHany2 +5GHan 1 4+ 2GHay + 4GHon 1 4+ GHan 2 + 3GHap 3 — 3+ 2i)
(d) Yn_oGHsp = t(—3GHsny3+5GHan 2+ 3GHsn 11+ GHan +4GHsn 1 + 2GHsp 2 — 2 — 2i)
(e) Yn_oGHsrs1 = £(2GHsnys — 2GHsny1 + GHsp — GHsn 1 — 3GHsp o + 3 — 2i)

(£) Yn_oGHskyo = £(2GH3n 43 + 3GHsny1 + GHsn — GHzno1 + 2GHzp—2 — 2 + 3i)

(8) Yh_oGHax = $(—2GHunya + 3GHani3 + GHanyo + 3GHun 11 + 2GHan + 2GHan 1 — 2)
(h) >p_oGHupy1 = +(GHings — GHanys + GHango — 2GHun—1 + 2 — 2i)

(i) Yh_oGHuky2 = $(2GHanys + GHanyo + GHapy1 — GHap + GHan 1 — 1+ 2i)

(G) >r_oGHurys = %(ZGH4'/L+4 + GHuants + GHanto — GHant1 + GHay — 1)

(k) >p_oGHs, = %(—9GH5”+5 +5GHsp44 + 14GHsn43 + 18GHspy2 + 17TGHsp41 + 11GHsp —
11 — 6i)

0)) ZZ:O GHspq1 = %(_4GH57L+5+5GH571+4 +9GHs504+3+8GHsn+2+2GHsn+1—9G Hs,+9—114)

(m) Y7 GHspqo = % (GHsn+5+5GHsp+4+4GHsn43—2GHspy2—13GHsn+1 —4G Hsy +4+ 94

(n) Y oGHspqs = 2*15 (6GHsnts5+5GHsn+4 — GHspy3 — 12GHspy2 — 3GHsnt+1 + GHsp — 1+ 41)

(o) >r_oGHspys = % (11GHsn+5+5GHspta —6GHsn 43+ 3G Hsp2+ TGHspni1 +6GHsy —6—1)

Next Corollary gives some summation formulas of Gaussian Hexanacci-Lucas numbers.

Corollary 3.3. For n > 0, we have the following formulas:

(@) Yp_oGEx = 2(GEny5 — GEnis — 2GEni2 — 3GEni1 + GEn + 9 + 4i)

(b) Yi_oGEary1 = £(3GEant2 + 2GE2, — GEap1 4+ GEapn o — 2GE2n 3 — 18 + 27i)

() Yh_oGEor = t+(—2GEan 12+ 5GEan 1+ 2GEan +4GE2n 1 + GEap o + 3G E2n 3 + 27 — 23i)
(d) Yn_oGEsk = +(—3GEsn13+5GFEsn 2+ 3GEsn 1+ GEsp +4GEsn 1 +2GEsn 2+ 33 — 12i)
(€) Yi—oGEskt1 = 3 (2GE3n4+3 — 2GE3n11 + GE3pn — GE3p 1 — 3GE3,—2 — 17 + 33i)

(f) Y o GEskt2 = +(2GEsnis 4+ 3GEsns1 + GEsp — GEsp_1 + 2GE3n_2 — 7 — 17i)

(8) Yr_oGEuk = :(=2GEunya +3GEuny3+ GEuni2+3GEini1+ 2GEun + 2GEsn 1 + 23 — 151)

12
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(h) > o GEsy1 = %(GE4n+4 — GE4nt3 + GEant2 — 2GE4n—1 — 8 4 23i)
(i) Yr_ o GEakt2 = (2GEunis + GEunt2 + GEiny1 — GEan + GEuan_1 + 4 — 8i)
(G) >r_o GEurys = %(2GE477,+4 + GE4nt3 + GEant2 — GEant1 + GE4pn — 10 + 4i)

(k) > i oGEs = %(—9GE5n+5 + 5GEsn+4 + 14GE5p43 + 18GEsn42 + 17TGEsp+1 + 11GEs, +
119 — 763)

(1) ZZ:O GE5k+1 = %(—4GE5n+5+5GE5n+4+9GE5n+3+8GE5n+2+2GE5n+1—9GE5n+39+119i)

(m) ZZ:O GE5k+2 = % (GE5H+5 +5GE5n+4 +4GE5n+3 72GE5»,7,+2 - 13GE5H+1 —4GEs,, — 16+39i)

(n) S0 GEspis = = (6GEspi5+5GEsnia—GEsnys —12GEsn 12 —3GEsni1+ G Esy — 46— 160)

(0) > ko GEskra = 55(11GE5n15+5GE5014—6GEs5n134+3GEsn 2+ 7GEsn11+6GEs, —11GE5+

20GE4 +6GE3 —3GE> — TGE, — GGEO).

I~ &

[\

4 Conclusion

In this work, a number of linear sum identities were discovered and proved. The method used in
this paper can be used for the other linear recurrence sequences, too. We have written linear sum
identities in terms of the generalized Hexanacci sequence, and then we have presented the formulas
as special cases the corresponding identity for the Hexanacci and Hexanacci-Lucas sequences. All
the listed identities may be proved by induction, but that method of proof gives no clue about their
discovery. We give the proofs to indicate how these identities, in general, were discovered. Recently,
there have been so many studies of the sequences of numbers in the literature and the sequences
of numbers were widely used in many research areas, such as architecture, nature, art, physics and
engineering. For example, in the articles [9], [10], [11] and [12], the authors defined some linear
recurrence sequences and investigate their various properties.

We can summarize the sections as follows:

e In section 1, we present some background about generalized Hexanacci numbers.

e In section 2, linear summation formulas have been presented for generalized Hexanacci. As
special cases, linear summation formulas of Hexanacci and Hexanacci-Lucas numbers have
been given.

e In section 3, linear summation formulas have been presented for generalized Gaussian
Hexanacci numbers. As special cases, linear summation formulas of Gaussian Hexanacci
and Gaussian Hexanacci-Lucas numbers have been given.
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