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Abstract 
 

For function )(, zF nα  of Bazilevic type, initial coefficients |)(| 1 α+ja , |)(| 2 α+ja and |)(| 3 α+ja for 

certain generalized class of analytic functions involving logistic sigmoid function are obtained. Further, 

the Fekete-Szego functional |)()(| 2
12 αµα ++ − jj aa

 
is also considered for functions belonging to the 

said class of analytic functions. Several other results follow as simple consequences. 
 

 
Keywords: Analytic; starlike; convex; Bazilevic; sigmoid function. 
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1 Introduction 
  
The theory of analytic functions has wide application in many physical problems such as in heat conduction, 
electrostatic potential and so on. So also is the theory of special function such as sigmoid functions.  
 
Conventionally, it is believed that activation function is an information process that is inspired by the way 
nervous system like brain, process information. In fact, it is composed of large number of highly 
interconnected processing element (neurons) working to solve a definite task. This function works in similar 
way the brain does. The most widely used sigmoid function is the logistic function which has a lower bound 
of zero (0) and upper bound of one (1). 
 
Many sigmoid functions have power series expansion which alternate in sign while some have inverse with 
hypergeometric series expansion. They can be evaluated differently especially by truncated series expansion. 
The logistic sigmoid function is defined as  
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and has the following properties: 
 

(i) It outputs real number between 0 and 1 
(ii)  It maps a very large input domain to a small range of outputs 
(iii)  It never loses information because it is a one-to-one function 
(iv) It increases monotonically.  

 
In view of the above properties sigmoid function is highly referred in geometric Function Theory (See [1]). 
 
Let A denote the class of functions of the form   
 

∑
∞

+=

∈+=
1

)(
jk

k
k Dzzazzf                                                        (1.2) 

 

which are analytic in the open unit disk }{ 1||; <= zzD and normalized by  
 

.01)0()( 1 =−= fzf  Also, let S denote the subclass of A that are normalized and univalent in D. Now, 

for function )(zf  of the form (1.2), one can write that  
 

( ) 1

1

)( −+
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∑+= k
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k zazzf ααα α  Dz∈> ,0α                                         (1.3) 

 
Using Salagean derivative operator [2], one can equally write that  
 

( ) 1

1

)()1( −+
∞
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∑ −++= k

jk
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nnn zakzzfD ααα ααα    Dz∈> ,0α                         (1.4) 

 
In 1992, Abdulhalim [3] introduced a generalization of certain family of Bazilevic functions satisfying 
inequality 
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where the parameter α  and the operator 
nD is the famous Sălăgean derivative operator [2] defined by 

))(())(()( 11 ′== −− zfDzzfDDzfD nnn
are defined as earlier. He denoted this class of functions by

)(αnB . It is easily seen that his generalization has extraneously included analytic functions satisfying 
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which largely non-univalent in the unit disk. By proving the inclusion 
 

).()(1 αα nn BB ⊂+                                            (1.7) 

 

In 1994, Opoola [4] further studied a more generalized form of (1.5) and denoted it by )(γα
nT  (Bazilevic 

class of order gamma) such that 
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Recently, a little modification was made to (1.8) such that 
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For the purpose of the present investigation, let ( ) α
α nn TzF ∈, be defined as follows 
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Using (1.9), we give the following definition. 
 
Definition:  
 

Let ( )jSzF n
n ,,,)( ,

,, λθβα
γδα ∈  then,  
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for jnNNn ≥∪=∈<≤−≥≤≤≥> },0{,11,1,10,0,0 0γλδβα and 
2

0
πθ <≤ . 

 

It is observed that ( ) ( ) ,,,,,,, ,
,

,
, TjSjST nn

Iαθλαθλ α
γδ

α
γδ = where T is the subclass of S consisting of 

functions of the form 
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With various choices of parameters involved, several subclasses of analytic functions (known and new) are 
obtained. Few of them are given below: 
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( ) ( )













−

′
>


























−

′
ℜ 1

)(

)(

)(

)(

0,1

0,1

0,1

0,1

zF

zFze

zF

zFze
e

ii λθλθ

βγ
 

 
which is theλ –pseudo-spiralike class of orderγ .  

 

2. Let ( )jSzF n ,,0,)( 0,1
,0, λβγα ∈ . Then, 
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which is theλ –pseudo-starlike class of orderγ . 
 

3. Let ( )jSzF n ,1,0,)( 0,1
,0, βγα ∈ . Then, 
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which is the starlike class of orderγ . 
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4. Let ( )jSzF n ,1,0,0)( 0,1
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which is the convex class of orderγ . 
 

5. Let ( )jSzF n ,2,,)( 0,1
,0, θβγα ∈ . Then, 

 

( ) ( )













−

′
⋅′>


























−

′
⋅′ℜ 1

)(

)(
)(

)(

)(
)(

0,1

0,1
0,1

0,1

0,1
0,1 zF

zFze
zF

zF

zFze
zFe

ii θθ

βγ
 

 
which is the product of a combination of geometric expression for bounded turning function and spiralike 
class of orderγ .  

 

6. Let ( )jSzF n ,2,0,)( 0,1
,0, βγα ∈ . Then, 
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which is the product of a combination of geometric expression for bounded turning function and starlike 
class of orderγ .  

 
Remark A: 
 
By careful selection of the values for the parameters involves several interesting subclasses  known and new 
are obtained (see [5,6,7,8,9,10,11,12,13]).  
 
The primary aim of the present paper is to investigate the relationship between sigmoid function and certain 
generalized class of analytic functions in terms of coefficients bounds. The paper further examines the 
Fekete-Szego problem involving this generalized class and sigmoid function. 
 

2 Main Results 
 
Lemma (2.1) Let g be sigmoid function of the form (1.1). Then, let )(2)( zgz =φ  such that  

 

( ) ( ) k

m

m

m

k
k

k

z
m

z 








 −−+= ∑∑
∞

=

∞

= 11 !

1

2

1
1)(φ .                                         (2.1) 

 
Then Pz ∈)(φ , |z|<1 where P is the class of Caratheodory functions and )(zφ denotes the celebrated 
sigmoid function (see [14]). 
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Lemma (2.2) Let 
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Then,
 

2)( <zφ (see [14]). 

 

Lemma (2.3) Let Pz ∈)(φ
 
and is starlike, then it is a normalized univalent function of the form (1.2) (see 

[1]).  
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This result is the best possible (see [14]). 
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where the function ( )zφ  is the modified sigmoid function given by 
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Thus, the inequalities (2.3), (2.4) and (2.5) follow respectively, from (2.9), (2.10) and (2.11) and this 
completes the proof of theorem (2.4). 
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,0, λθφγα ∈ . Then, 
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Corollary 2.6: Let ( )jSzF n ,,0,0,)( 0,1
,0, λφγα ∈ . Then, 
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and 
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Corollary 2.7: Let ( )1,,0,0,)( 0,1
,0, λφγα SzF n ∈ . Then, 
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Incidentally, this result in (2.7) coincides with that of Murugusundaramoorthy and Janani [9]. 
 

Corollary 2.8: Let ( )1,1,0,0,)( 0,1
,0, φγα SzF n ∈ . Then, 
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Corollary 2.9: Let ( )1,1,0,0,)( 0,1
0,0, φα SzF n ∈ . Then, 
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Corollary 2.10: Let ( )1,2,0,0,)( 0,1
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Theorem (2.11): Let ( )jSzF n
n ,,,,)( ,

,, λθβφα
γδα ∈ . Then,  
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for ,,,10,0,1,0 0 jnNn ≥∈<≤≥≥> δβλα ,
2

0
πθ <≤ where 11, ,, Mjn ψα + and 2M , are as 

earlier defined. 
 
Proof: Using (2.9) and (2.10), the result is immediate. 
 

Corollary (2.12): Let ( )jSzF n ,,,0,)( 0,1
,0, λθφγα ∈ . Then,  
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Corollary (2.12): Let ( )1,,0,0,)( 0,1
,0, λφγα SzF n ∈ . Then,  
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Incidentally, this result in (2.12) coincides with that of Murugusundaramoorthy and Janani [9]. 
 

Corollary (2.13): Let ( )1,1,0,0,)( 0,1
0,0, φα SzF n ∈ . Then,  
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If 1=µ  in corollary 2.13 above, then 
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