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Abstract
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for the generalized Pentanacci numbers. Then, we grant summation formulae for the sequences such as
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1 Introduction

First of all, we revisit the Pentanacci sequences. The Pentanacci sequence is a higher-order generalization of the
well-known Fibonacci sequence. Defined by a linear recurrence relation, each term in the Pentanacci sequence
is the sum of the five preceding terms:

An - An—l + An—2 + An—S + An—4 + An—57 n 2 57

with initial conditions Ao, A1, A2, As, A4 set to predefined values. The Pentanacci sequence has applications
in theoretical mathematics, particularly in combinatorics and the analysis of recursive algorithms. Its study
reveals deeper insights into the properties of linear recursions and their behavior in higher dimensions, offering
attractive connections to both discrete mathematics and dynamical systems.

Now, we recall the generalized Pentanacci numbers. The generalized Pentanacci sequence { A, (Ao, A1, Az, As, As;
r,8,t,u,v) >0 (or {Ay}y>0) is defined in the following way:

AW = ’f‘An,1 =+ SAy]72 + tAn,:; + uA,,,4 + UA,?,5, (11)
Ao = co,A1=c1,A2=c2,A3 =c3,A4 =ca,m > 5,

where Ao, A1, A2, Az, A4 are arbitrary numbers (real or complex) and r, s, ¢, u, v are real numbers. The sequence
{Ay}n>0 have negative subscripts by definition as

U t s r 1
Ap=—C A = S Anie = S Anis = S Ao+ A,
for n =1,2,3,... where v # 0. Therefore, recurrence (1.1) satisfies for all integer 7.

Over the last years, the Pentanacci sequence has been the subject of extensive research by various authors; see,
for instance, [1], [2], [3], [4]

Table 1. Some special cases of the generalized Pentanacci sequences

No Sequences (Numbers) Notation Ref
1 Generalized Pentanacci WV, =1{A4,(45, A1, 45, A3, A1, 11,1, 1) [4)
2 Generalized Fifth order Pell {Vn} = {An(Ao»Ap Ay Ay Ay2,1,1,1,1)} [5]
3 Generalized Fifth order Jacobsthal {V,} ={A4,(A5, A, A5, A3, A451,1,1,1,2) } [6]
4 Generalized 5-primes {V,} =1{A,(45; A, Ay, A3, A452,3,5,7,11)} 7]

For some specific values of Ag, A1, A2, As, A4 and 7, s, t, u, v, it is worthwhile to present these special
Pentanacci numbers in a table under a specific name. As an example, the literature employs the sequence names
and symbols (refer to Table 2) for specific cases of r, s, ¢, u, v, along with their initial values.

The sequences and notations used in this study are as follows: Pentanacci {P, }, Pentanacci-Lucas {Q, }, fifth-
order Pell {P{”}, fifth-order Pell-Lucas {Q\"}, modified fifth-order Pell {E{”}, fifth-order Jacobsthal {.J\"},
fifth-order Jacobsthal-Lucas { j£]5)}, modified fifth-order Jacobsthal { K 575)}, fifth-order Jacobsthal Perrin {Q;S)},

adjusted fifth-order Jacobsthal {5575)}, modified fifth-order Jacobsthal-Lucas {Ri}s’)}7 5-primes {G, }, Lucas 5-
primes {, }, modified 5-primes {F, }.

To simplify notation, we henceforth omit the superscripts in these sequences. For instance, we use P, instead
of P,

Theorem 1.1. Let z be a real (or complex) number. For n > 0, we have the following formulas:
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Table 2. Some members of generalized Pentanacci sequences

Notation OEIS [8] Ref
{Pn} = {An(071,1,2,4;1,1,1,1,1)} A001591 [4]
{Q(y,)} ={4,(5.1,3,7,15;1,1,1,1,1)} A074048  [4]
5 .
{Pn } = {An(O, 1,2,5,13;2,1,1,1,1)} A141448 [5]
{Q;f?]; = {A,(5,2,6,17,46;2,1,1,1,1)} [5]
5 f— .
{En }7{An(0717173787271717171)} 5

(5]
{275%“} ={4,(0,1,1,1,1; 1 1,1,1,2)} A226310  [6],[9]
{ [j(n(s)} = {/1147](2?; 11, 53, 11(3 22(8 11, 11, 11, : 22)} A226311 [6}é[9]
{{Q?E’)};} :{{14"((37 07 > 8 716~’1 111 ’2))}} {6}
{57%5)} = {A77 ((; 11,241, 1,1,1 ’2)} [6]
n n ) i ) T ) ) bt
(R} ={4,(5,1,3,7,15;1,1,1,1,2)} [6]
(G} =1{A,(0,0,0,1,2;2,3,5,7,11)} 7]
{H,}={A,(52,10,41,150;2,3,5,7,11)} 7]
{E,} = {A,(0,0,0,1,1;2,3,5,7,11)} 7]
Table 3. Some special studies of sum formulas
Sequences Papers dealing with sum formulae
Pell and Pell-Lucas [10],[11],[12],[13],[14]
Generalized Fibonacci [15],[16],[17],[18],[19],[20],[21]
Generalized Tribonacci [22],[23],[24]
Generalized Tetranacci [25],[26],[27]
Generalized Pentanacci [28],[29]
Generalized Hexanacci [30],31]

(a) Ifrz+sz? +t2° +uz +0v2° —1#0, then

zn: AN = ©1(2)
fward T2+ 822 +t23 +uzt +vz5 -1
_ 61()
O(z)’

where,
O1(z) = :z"+4A7,+4 —(rz—1)2"3A, 15 — (82 412 — 1)2"2 A0 — (522 + 127 +rz — 1) A 1 F e A, -
22 Ay + 2P (rz — 1) Az + 22 (822 +rz — 1) Ag + 2(s22 + t2° + 1z — 1) Ay + (s2% + t2° +uzt 472 — 1) Ao.

(b) If r2z + 2uz? — %22 + 1223 — w?2* + v22% + 282 4 2rt2? + 2rv2® — 2su2® + 2twz* — 1 # 0, then

n

Z Z)‘Ag)\
A=0
_ O2(z)

T2z 4 2uz? — 5222 4 1223 — 4224 4 0225 4 252 + 2rt22 + 2rvzd — 2suzd + 2tvzd — 17

where,

O2(z) = —(uz2 + sz — 1)z"+1A27,+2 +(t+rs+vz+ ruz)z"+2A27,+1 + (u+ 22 —u?2? + 0228 4 rt 4 202 + vz —
suz)z"™ 2 Aoy 4 (v + ru — svz + tuz) 2" 2 Agy 1+ v(r 4+ v22 +12)2" 2 Agy o + 22 (uz® + sz — 1)Ag — 2P (t+ 15+
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vz +ruz)As + 2(r?z Fuz® — %22 + 282 +rt2® +rvd —suz® —1)Ag — 23 (v +ru — svz - tuz) Ay + (rPz 4 2u2? —
5222 +122% — w2t + 252 + 2rt2? +ruz® — 2suz® + tvzt — 1) Ao.

(c) Ifr?z+2uz® — s22% + t22° — w22 4 022° + 252 + 2rt2® + 2rv2® — 2su2® + 2tvz* — 1 =0, then

n
Y
E z A2/\+1
A=0

_ O3(2)

T r2z 4 2uz? — $222 + 1223 — 224 + 0225 + 252 + 2rt22 + 2rvzd — 2s5uzd + vzt — 17

where,

O3(2) = (r+v2? +12)2" Ay o+ (s — 22+ 1227 —u? 23 P2t fuz vz — 2su2® 4 2tw2® 4 rt2) 2T Agy 1+ (E+
vz — sv2° +ruz — st2) 2" Aoy + (u—uP2® + 072 + tv2® + vz — suz)2" T Agy — v (u2® + sz — 1) 27T Agy o —
22(r+v2® Ft2)As + 2(r?z + w2 4+ sz + 12 +rvz® — 1)Az — 22 (t + vz — sv2? + ruz — st2)As + (122 4+ uz® —
222 4 122° + 252 4+ 2rt2? + rvz® — suz® Ftuzt — 1) A F vz (uz® 4+ 52 — 1) Ag

Proof. See Soykan [32], theorem 2.1, for the proof. O

Theorem 1.2. For n > 1, we have the following formulas:If v + rz* + 523 + t2° + uz — 2% # 0, then

n
(C)

§ :Z)\A*A = 1 34(2) 2 57

= v4+rzt sz +tzrtuz— 2z

where,

O4(2) = 2" Ay +(r—2)2" A 3+ (s+rz—22) 2" Ao F (tFr2t Fsz—23) 2T A+ (utr2 Fs2P 4
tz— 22" A 42 AL —2(r—2)As+2(—s—rz4+22) As F2(—t —1r2® —s24+22) A1 F2(—u—12® — 827 —tz 4+ 2*) Ao.

Proof. See Soykan [32], theorem 4.1, for the proof. a

The paper is structured into 6 distinct sections. In section 1, we initially revisited the definition of generalized
Pentanacci numbers, laying out the formal expressions and recurrence relations. We also drew from several
important publications in the literature to build a foundation for our paper. For a better understanding, we
present three detailed tables. They include notations, some members of sequences and related works. Moreover,
we highlight two crucial theorems conducted by Soykan in [32], which have proven invaluable in this research.
In Section 2, we compute the following sums for the generalized Pentanacci sequences {A;},>0 with positive
subscripts: Y 7_, Az Ay, 1 Az Asy and > o Az* Az, In section 3, we provide the closed-form solutions
(identities) for sums > 7_, Az Ay, o Az* Asy and > 0 Az>Agy for particular cases of z = —1 and z = 4,
specifically considering the sequence {A,},>0. In section 4, we compute the following sum for the generalized
Pentanacci sequences {4, },>0 with negative subscripts: > 5_, Az*A_y. In section 5, we provide the closed-form
solutions (identities) for sums Y 1_, Az A_y, for particular cases of z = —1 and z = 4, specifically considering
the sequence {A;},>0. Finally, section 6 is the conclusion. It summarises the findings of the article.

2 Sums Y1 A4y, Y1 AzM g and D01 A2 Asy with Non-
negative Subscripts

During this section, we compute the following sums for the generalized Pentanacci sequences {A;},>0 with

positive subscripts: 3°7_ Az Ay, 327 A2 Aax and 37 A2 Azaq1. The following theorem presents three

significant summation formulas for generalized Pentanacci numbers with positive subscripts.

Theorem 2.1. Forn >0 and let z be a real (or complex) number. Then, we get the following formulae:
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(a) Ifvz® +uz? +12° + 522 +r2— 1 #0, then

n
M
AP Ay =
;} Sl (v25 +uzt + 23 + 522 + 1z — 1)?’
where,

01 = 2" (n(s22 H 23 Fuzt Fu2® Fre—1) 442822 4125 —v2® +3r2) Ay ra— 2" 3 (n(rz—1) (s22 -t 23 fuzt v +rz—
1) +3—s22Fuz* +202° +3r222 —6rz+2rs2 4 rtzt —rv2®) Ay — 272 (n(s2% +rz—1) (s2° +t2° fuzt +v2® +rz—1)
+2—4s22 23 4 2uzt +3v2° +2r2 2% 4252 2 —dratdrs2® —ruz® stz —2rv2® —sv2") Ay e — 2T (n(s22 -t ra—
1)(s22+t23 +uzt+v2® +rz—1)+142rs2> +2rt2* —2ruz® +2st2° —3rv2® —suz® — 2sv2" —tv2® — 2522 — 223+ 3uz* +
4u2® 41227 4+ %2 1225 — 2r2) A1 F 02" (n(s22 + 2% Fuzt 02 4 rz — 1) + 3522 + 262 +uzt + 4rz — 5)
Ay — 242827 4 t2° — 02 + 3rz — 4) Ay + 23(—s2% + uzt + 2025 + 30222 — 6rz + 2rs2® + vtz — ru2® 4 3)
Az 4 2%(—4s2% 4+ t2° + 2uz® + 3v2° + 21227 4 2572 — drz + drs2® — ruz® + st2® — 2rv2® — sv2” 4+ 2)As +
2(—282% =2t 2% +-3uz +4v2° 41222 4522 1225 202+ 21523 1 2t 2t —2ruz® 425125 —3rv2® —suzb —2sv2" —tv2®41)
A —v2° (3822 + 22 +uzt +drz — 5)Ao.

(b) Ifr?z +2uz® — §%22 + 122 — u?2* +022% + 252 + 2rt2? + 2rv2® — 25u2® + 2tvz* — 1 £ 0, then

n
Z )\Z>\A2>\
A=0

Qo
(122 4 2u2? — 8222 + 1223 — w2zt + 0225 + 252 + 2rt2? + 2rved — 2suzd + 2tvzt — 1)27

where,

Qo = — 2" (p(uz?+s2—1) (rPz+2uz’ —s% 22 +12 25 —u? 2 02 2° 42524+ 2rt 2% 4+ 2rv2® — 2su2° 4 2tv2t — 1)+ 1+ 5% 22+
21223 — 022t 1 uB20 + 40%2° — 252+ 2rt22 + Arv2® + 6tvzt + 2r2uz® — st? 2t + sPuzt + 2s5u?2° — 350220 — 20?2 —2rs
vzt 4 2rtuzt — dstvz® — 2tuvz® +ris2? —uz®) Agyre + 27T A (Nt rs F vz Fruz) (rPr 4 2uz® — s% 22 1220 — w4
v22° 4+ 2524222 +2rv2® — 25u2® + 2wzt — 1)+ 2rs% 2 — 1323 — 20325 — 2rs — 3vz — 2t 4+ rPsz 4 ritz 4+ dsvz® 4+ 2uvz® +
2ru?2% + 2r3uz? 4 22022 + rud2® — s202® 4 2tu?2?t — 4?02t — 5tv?2® + u?02® + 2stuz® — rst?2® + rs?uz® 4 2rsu?
2t — 2125023 4+ 2r2tuz® — 3rsv?2® — 2run?2® — 3ruz 4 2stz +drsuz® — drstvzt — 2rtuvz®) Agy 1 + 2" ((u P2 —
u? 22 4022t 2tv2 4 rvz — suz) (rl a4 2uz? — 5222 1225 — P2t 0?20 4 2524 2rt 2% 4 2rv2® — 25u23 4 2tvzt — 1)
+4u22? —3t%2 — 2u— 2uB2t — 5022 — 2t + 2024222 — 3r2u22% — 24228 + 4r?0% 2t + 252022t — 3520220 + rdtz 02
uz — 8tvz? + 11323 + 4st?2? — 4s%uz? — 6su?2® + 2r3v2% + SPuzd + t2uzd + su2® 4 8sv?2?t + 2rv328 + 3uw?2® +
Arsvz? + 12stvz® — 2r2suz? — rs?vz® — 2rtu? 2t 4 6r2twz® + drtPvzt 4 5rtv?2® — 4%tz — ru?oz® — 2suv?2% 4 2
rstz — 2stuvz® — 3rvz + 5suz + dtuvzt) Asy + 272 (n(v +ru — svz 4 tuz) (1?2 + 2uz? — s22% + 1223 — P2t o+
252 4-2rt2% 4 2rvz® — 2suz® + 2tvz* — 1) +riuz —3032° — 2ru— 204 rPuz 4 2rud 2t — 2rv?2® — 45?2 +2tu? 23 4 5%
25 — 202% + P2’ — 4tv?2? + 250320 + 2uPv2? + dstuz® + 2rsu?2® — 2r%sv2? + 2rtuz? + rtPuz® — SPtuz® —
2r2uvz® — 3ruv?z2® 4 2stv?2° — su?vz® — 22uv2® — 2tuv?28 — 2rstvz® — drtuvz? + 5svz — 3tuz + 2rsuz)A27,,1 +
022 (n(r+v2? +t2) (r2z+2uz? — 8222 H12 23 —u? 2 402 25 4 2524 20t 22 - 2rv2> —2su2® 4 2tv2t — 1) +rP 2 —2r —4v2® —
327 — 3tz 44st2® + 6sv2° 4+ 2tuz® + duvzt + 2r%t2? +rt22% — %423 + 2ru? 2t +r202% — rv?2® — 25%v2t 1?2 — 2w
25 —2t0% 2%+ 252+ 2rsuz® — 25uv2°) Aoy_o + 22 (—1r? 2 — duz? + 45222 — 328 41223 4 2022+ 30725 — Bsz - 2rvzd +
6$u23+4tvz4+2r2sz2+3r2u23—252uz4—5u2z5+t2uz5—251}226—uv2z7+2rst23+4rtuz4+2ruvz5—25tvz5+2)A4+
22 (3t +v*2° +3rs+dvz —4drs?z —2r3sz —2r2tzs — 6sv2® — 2tuz® —duvz® +rs®2® — 20?2 £ 5727 —dru® 2 — 3riuz® —
3r2vz? — 2022t + 252025 — tu22t + t2uzt + 2t02 2% + druz — dstz — 8rsuz? — drtvz® + 2suvzt — 2r2st2? 4+ 2rs?uz® +
rsu?zt — Ar?tuz® — rt?uz? + 2rsv?2® — 2ruvzt +ruv2® + 2rstvz4)A3 + z(r422 + 27323 vzt — 2125223 — r2su
24?522 4 r2%2t + 220220 4 2r%uz® — 20228 — 2022 — 3rsPte?t — 2rs?uz® — drstuz® + drstz® — drsuvz® +
2rsvzt — 2028 4+ rtu?28 + drtuzt — 2rt0?2" — rt2? + druwz® — o328 + stz 4 2532’ — 45323 4+ 25% 020 +
s2u228 — 5s2uzt + 2520227 + 65222 — st?uz® — 251?21 — 8stvz® + suv?2® +4suz® — 65022 — 452+ 262 2% — 2tuvz® +6
tozt +ub2® —u?2t — 2uv? 2" —u2® 4+ 40725 +1) Ag + 22 (3v+ 203 2° 4+ 3ru — 2r3uz — 2r%vz — 2uvz? — 2ru2? —rut2t
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752022 — dtu?2® — 253023 — Buz? + 2t02 2t — 50328 — vzt — 8svz + dtuz — 2rtvz? — 6stuz® + dsuvz® + rs?uz? +
3r2sv2? —5r2tuz? —drt?uz® 4 2rsv? 2t + 257 tuz® 4 2stu® 21 + st? vzt + 2run 2° — 25 uv 2t +tuw® 28 — drsuz+-drstvz®)
Al +v2° (3r — 2132 + Buz? — 32 + Atz — 2ruz? — 6st2? — 8sv2® — dtuz® — 6uvzt + rs?2? — 5ritz? — 4rt?23 +
25223 — ru2t — 4r202% — 2rv22° + 3s%v2? — 2t%02° — t0228 + w28 — drsz — 6rtve? + 2stuzt + 4suvz5)Ao.

(¢) Ifr?z+2uz® — %22 +122° — w2 + 022 4+ 252 + 2rt2? + 2rv2® — 2s5u2® 4+ 2tv2* — 1 #£ 0, then

n
A

E Az A2>\+1

A=0

Q3
T (122 4 2u2? — 5222 + 1223 — w224 4+ 0225 + 252 + 2rt2? + 2rv2d — 2suzd + 2tvzt — 1)2]

where,

Qs = 2" (n(r + 02 + t2)(rP2 4+ 2u2® — %22 + 22 — wP2? + 022° + 252 + 2rt2% + 2rv2® — 2suz® 4 2wzt — 1)
—3022 =324 =203 — 2tz —r —2ruz? + 25tz + 45023 + 2uvzt +rs?2? —r2t2? — 2rt2 23 + 3ru? 2t — 212023 —4rv?2° —
s2vzt F2tu? 25 — 42025 — 510?28 FuPv2® Fdrsuz® —6rtvzt 4 2stuz®) Agy e + 2" ((s — 22 F 1227 — P2 P2t 4
wz +rvz® — 2suz? 4+ 2wz +rt2) (122 + 2uz? — 222 +122° — w2t F0?2° 4 2524 2rt2? 4 2rv2® — 2su2® + 2tvzt — 1)
425822 — s — 322 — 31222 + 4u?2® — 20325 — 5u?e?t — 26222 4+ 221223 — 3r2u2t + 4120225 — 3rvz? + 6suz? —
8tvz® +13t22 +riuz? +rt3 2t 4+ 251223 — 452u2® — 5su? 2t 4+ 2r3v23 + t2uzt + 450?25 + 2rv3 27 + 3uv?28 + 6stvzt +
Atuwz® + rs2vzt — 2rtu2® + 6r2tuz? + drt?vz® + 5rtv?2® — rulv2® — 4r?suz® — 2rstuzt — 2tz — 2uz)A2n+1 +
2T (n(t+vz —sv2? +ruz —stz) (122 +2uz? — 8227 +122° — w22t 0225 4 2824 2rt2% + 2rv2® — 2suz® 4-2tvzt — 1)
+ 55022 — 26323 — 3032% — 2uz — t — 2tuz? — 2rt%2? — $%t22 + riuz? + vz 4+ st + 2rud25 — 20?2t — 452023 +
3tuzt + vt — Ttz — 8tw?2° + 2503 2" + 20 02° — 2ruz+ 2stz+ 2rsuz® — drtvz® +dstuz® —r?stz? — 2r2sv2® —rt?
uzt — 25%tuzt — 2stu?2® — 2riuvz® +4st?v2® — 3ruv?2® 4+ 5stv? 2% — suPv2® 4+ 2rsu’2? — drtuvz®) Ag, + 27 (n(u —
u?2? +022% F w2 Frvz — suz) (122 4 2uz® — §22% +122° — w22t 40220 + 252 4 2rt2? 4 2rv2® — 2suz® + 2wzt — 1)
+ul2? —utulzt — 40222 — 028 —0t2® — 220228 12022t — 222t — 25%0%2° — 20220 + 202022 — 3tvz? — sPu? +
3022 — 2t%uz® — 25uB 2% + 65022t —ru3 28 — 2t03 27 — 2rvz 4 2suz + 2rsvz? — 2rtuz? — druvz® + 4stvz® — dtuvzt —r?
suz? = 2rtu?z* 4 2rituz® + rtfvzt + stPuz® — s2twzt + 2ruv2® + suv?2® + 3tuv2® 4+ drsuvz? + dstuvz®) Az, 1 —
2T (n(uz? + sz — 1)(r%2 + 2uz? — %22 + 122° — u?2? 4+ 022° + 282 + 2rt2? + 2rv2® — 2su2® 4 2tvz* — 1)
41+ 8222 + 26223 — w2? — w22t + P20+ 4022° — 252 + 2082 + drv2d + 6tvzt + rPs2? + 2r2u2® — st?2t +
s2uzt + 2su?2% — 350225 — 2uv? 2" — 2rsvzt + 2rtuzt — dstvz® — 2uv2z®) Aoy o + 22 (2r — 32 4+ dv2? 40327 + 3tz —
dstz? —6sv2° — 2tuz® — duvzt — 2r2t22 — 11223 + 5223 — 2ru 2t — 202 410?20 + 25202t —tu 22 + 202° 4+ 260220 —
2rsz — 2rsuz® + 2suvz®) Ay 4+ 2(r* 2% + 2r3t23 4 3ozt 4 2r%suzt 4+ 3rs2? Pt et 4 2r2u? 2 + 2r%ue® — 120?20 —
2%z — rs?tzt — 2rs?uz® 4 drstz® — 2rsuvz® + drsvzt — rt?0z% 4+ rtu?28 + drtuzt — 2rt0?2" — rt2? + druvz® —
ro’2® 4 Puzt + $22% — st?2t — dstvz® + 2su?2® — 350228 — 252 + 2622% — 2tuwz® + 6tvz?t + B8 — w22t —
2uv? 2" —uz? + 40225 4 1) Az + 2% (—2rPuz® + 2r2st2® 4 3r2sv2® — 2rituz® — itz — 2r%v2® frsfuz® 4 2rst? 23 Fdrst
vzt — drsuz? 4+ 2rsv?2® + 2rtuvz® — rutz® — 2ru?2% + 2run?2 4 3ruz — $3t2° — 2882t + 45722 — 25%wwz® +
752023 — st?02° + stu?2® — 2st0?28 — Bstz + dsuvzt — 50327 — 8svz? + 32° + 4t?vzt — 2tu?2t + 5?2’ +
2t — wvz® — 2uvz® + 2032° 4 3v2) Ao + 22 (—2r3v2® + 2r?suz® — 5ritvz® 4 3r?u?2® — riuz — 4r?v?2t 4 rsfuZ® 4
2rstuz® — drsvz? — Art?vz* + Artu?2* — 6rtv?2° + ruPoz® — 2rv328 4+ 3rvz — sPuz® + 25 tvzt — 252022t + 4sPuZ? +
352022° — 6stvz® — sud2® + 6su?2® + 25uv?28 — Bsuz — 8sv22t — t302° + 2022 + 2wz — 2620228 — w327 +
4tv2® 2B 2* —4u? 22 —3uv® 25 4 2u+ 502 2%) Ay v (—rPz—duz® + 45227 — 53 3 1228 2uP 2t 4302 25 — Bsz - 2rvu 4
6suz’ +4tvzt +2r2s22 +3r2uz® — 252Uzt —su? 2% +t2uz® — 250220 —uv? 27+ 2rst 2 +Artuzt + 2ruvz® —2stv2° +2)Ao.

Proof. (a) Using the following recurrence relation
A”? = TA,?,:[ + SA»,]72 + tAn,3 + ’U,An74 + ’111477,5,
i.e.

UAn_5 = A”I — TAn_1 — SA»,]_Q — tAn_3 — 'U,An_4.
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‘We have

vx0x2240 = O0x2°45—7rx0x2°44—s5x0x2°43 —tx0x 24,
—ux0x2%4;,

vx1xz'4; = 1xz'46—rx1x2z'As—sx1xz'As—tx1xz'As
—ux1xz"As,

vX2xX22Ay = 2X2ZPA7—rX2x 22 A —s X 2X 22 A5 —t x 2 X 2° A4

—u X 2 X 22A3,

v(n =2)z"Age = (0= 2)2" Agys —1(n = 2)2" Ay — s(n = 2)2" Apia
b — 2027 Ay — uln — 2272 Ay 1,
v =1)2"" A = (= 12" A — (= 1)2" Aygs — s(n — 1)27 Ay
—t(n—1)2"" Ay —u(n —1)2" A,
vxnxz"A, = nx2"Apgps —rxnX2TAya —sxnx2TAs

—txnx2"TApto —uXxnx 2" Apta.

By adding the equalities side by side and applying theorem 1.1 (a), we obtain (a).

(b) and (c) Using the following recurrence relation

A’? = ’r‘A,,,,l + SAW,Q =+ tAn,S + uAy,,4 =+ ’UAn75,

i.e.
’I‘An,1 = A’H - SAW72 — tAn,;; — uA,],4 - ’UAW,5.
We get
rx1xatd; = 1xatAs—sx1xalds —tx1xaziA;
—ux1lxzlAdg—vx1xz'A_q,
rx2xx’As = 2xx’Asg—sX2xX 2 A4 —1tx2xz2As

2 2
—uX2XxXx Ay —vXx2xx A1,

rx(—=1)xa" Ay = (p—1)xz" " Asy —sx (n—1) xz" Az,
—tx(n—1)xa" " Agy 3 —ux (n—1)x 2" " Agy_4
—ux (n—1)x 2" " Ag, s,
rxnXaxTAopgrr = nxa"TAopyyo —sxnxaxTAy —t xn X zTAz1

—u XN Xx"Aspy_o —v xn X xTAgy_3.
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By adding the equalities side by side the above equalities, we have that

n
T(_O X 170141 + Z AIEAA2>\+1) = (T] X an2n+2 —0x :I}OAQ — (—1) X LI}_IA()

A=0

n n
Y A= 1Da M Agn) = s(=0 x 2% Ag + D> Aat Aan) — t(—(n+ D)a" T Azy
A=0 A=0

n n
+D> A+ DM Aoxp) —u(—(n+ D)2 Az + Y (A + Dt Azy)

A=0 A=0
—u(—=(n+2)2"?Asy1 — (p+ 1)z gy 1+ 1 x 2" A

n
+4 Z()\ +4 2)$>\+2A2)\+1),
A=0
Since . )
A= _EAO ——A; — EAQ - zA3 + —Au,

v v v v v

we obtain
n
r(—0 x 2" A1 + Z)\mAAg,\H) = x 2" Azyro — 0 x 2’ Ag — (1) x 27" Ag (2.1)
A=0

n n n
2! Z At Agy — a7t Z 2 Agy) — s(—0 x 2° Ao + Z Azt Agy) — t(—(n+ 1)z Agy i

A=0 A=0 A=0

7 n n
4zt Z )\xAAgM.l +zt Z x)\AQ)\+1) —u(—(n+ 1)1’"+1A277 +ot Z Az Aoy
x—=0 A=0 =0

n
t
+1‘1 Z$>\A2A) — 1}(—(77 + 2)1‘”+2A2n+1 — (7’] =+ 1)$n+1A2n71 +1x Il(—%AU — ;Al
A=0

n n
s T 1
_;AQ — ;Ag, =+ ;A4) =+ x2 Z )\JL'AA2)\+1 =+ ZIQ Z Z'AAQ)\JA).
A=0 A=0
In a similar way, using the following recurrence relation

A’? = rAn_l =+ SAn_Q =+ tAn_g + ’LLA"_4 + ’UAn_s,
i.e.
TAn71 = Aﬂ — SAnfz — tAnfg — ’U,An74 — ’UA,I75.
We obtain the following obvious equalities;
rx1xatds = 1xatdAs—sx1xazlA; —tx1xzAg
—ux1Xxz A1 —vx1x xlA_g,
2x 22A5 — s x 2 X 22 A3 —t X 2 X 22 As

2 2
—uX2xx Al —vx2x1x A,

2
rXx2xx Ay

rx(n—1)xz" Aoy s = (—1)xz" T Agy 1 —sx (n—1)xz" ' As,_3
—tx(n—1)x x"71A2n74 —ux(n—1)x x"71A2n75
—vx (n—1) x 2" " Agy_s,

rxnxzlAg,

N X x"Aopy1 — s X X xTAgp_q

—txnpXxTAap_o —uxnxXx"Aopy_3 —v XN X zTAsy_4.
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By adding side by side the above equalities, we have that

n n
r(=0x 2%Ag + Y Azt Azy) = (-0 x 2’ A1 + > A Ay 1)
A=0 A=0

n
—s(—(n+ Dz Agpir + > (A + D)2 Aongr) — t(—(n + 1)zt Ay
A=0
n
+ ) A+ DM Any) — u(—(n + 2)2" 2 Agy iy — (n+ 1)z Azy
A=0

n
+lxz'A+ Z()\ +2)2M % Agr 1) —v(—=(n+ 2)2" 2 Asy — (n+ 1)a" Ag,y o
A=0

n
Flxat Ao+ ) (A +2)a* " As)).

A=0
Since
U t s T 1
Al = ——Ao—-A1— Az — Az + — Ay,
v v v v v
Ay = _E(_EAO - E141 - f142 - r143 + l144) - E140 - fAl - CAz + lAs-
vow v v v v v v v v
We have that
n n
r(—=0 x 2%Ao + Y Azt Agn) = (-0 x 2°A1 + Y " Az Asxga) (2.2)
A=0 A=0

n n
—s(=(+ Dz Agppr + 21D At onga 2t Y 2 M onr) — t(—(n + 1)z Ay,
A=0 A=0

U] 7
+a! Z Azt Ay + 2! Z M Aoy) — u(—(n + 2)z"? Agy1 — (n+ 1)z Az
A=0 A=0

t 1 n n
+1 x xl(f%Ao — ;A1 — %AQ — gAg —+ ;A4) =+ :1:2 Z)\l')\AQAJ'_l =+ 2$2 Z:C)\AQ/\_;,_l)
A=0 A=0

t
—1}(—(17 + 2)1’"+2A2n — (’I] + 1)$n+1A2n72 +1x Zl(—%(—%Ao - ;Al - %A2 - %A;),

1 t S T 1 2 i A 2 i A
—Ay)— —Ag— A1 — -A —-A E Ax” A 2 E Asy).
+v 4) " 0 . 1 . 2+U 3)+x 2 x” Aoy + 2z )\ZOUU ax)

Then, by using parts (b) and (c) of theorem 1.1, and solving the system of equations (2.1)-(2.2), the desired

result follows.
O

3 Results for Special z Values in Non-negative Subscripts

In this section, we handle the closed-form solutions (identities) for sums » 7_, A2* Ay, (. Az* Ay and

10 Az Ay for particular cases of z = —1 and z = 4, specifically considering the sequence {A,}n>0.

3.1 The case z =1
The case z = 1 of theorem 2.1 is provided in Soykan [33].
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3.2 The case z = —1

During this subsection, we overcome the closed-form solutions (identities) for sums >>7_  A(=1)*Ax, S°7_  A(=1)* A2y
and °7_, A(—1)*A2x41 specifically considering the sequence {A,},>0.

Here, recall theorem 2.1 and set »r = s =t = uw = v = 1; this gives the result below.

Proposition 3.1. For n > 0 and setting v, s,t,u,v = 1 in theorem 2.1 leads to the next outcomes.
(a) Ao A=DMa = (1) (=20 +5) Apra + (40 +8) Ay — (20 — D Aysz + (40 +2) Ayir + 20+ 1) Ay) +
5144 — 8A3 — A2 — 2A1 — 7A0)

(b) YU g A(=1)*Aax = 2((=1)" (20 — 1) Azny2 + 4A2p 41 — (20 — 1) A2y — (4 + 6) Azy1 — (20 + 5) Ay —2) +
Ay +4A3 —5A; — 1041 — 7A0)

(€) S oAM= ax1 = $((—=1)" (20 + 3) Azyya — (20 + T) A2y — 6A2y1 + (27 — 1)Asy2) + 5As — 443 —
9A5 — 6A; + Ao)

The next corollary follows if we replace A, in the proposition 3.1 with FP,. We additionally apply the initial
conditions where Po =0, P, =1, P, =1, Ps =2 and Py = 4.

Corollary 3.1. Forn > 0, Pentanacci numbers get the followings:

(@) Y0 _ o A=1)*Py = 5((—1)" (=(2n+5)Pyra+ (4n+8)Pyys — (20— 1) Pyya+ (4n+2) Pyy1 + (20 +7)Py) + 1).
(b) Y1 A=) Pox = 3((—1)" (20 — 1) Payy2 + 4P2ys1 — (20 — 1) Pay — (40 + 6) Pay 1 — (20 + 5) P2y —2) — 3).
(€) YU _oA=D) Pors1 = 3((=1)" (20 + 3) Pant2 — (20 + T)Pay — 6Pay—1 + (20 — 1) Pay_2) — 3).

The next corollary follows if we replace A, in the proposition 3.1 with @,. We additionally apply the initial
conditions where Qo =5, Q1 =1, Q2 =3, Q3 =7 and Q4 = 15.

Corollary 3.2. Forn > 0, Pentanacci-Lucas numbers satisfy the followings:

(&) o A=DMQx = (=17 (—(20+5)Quiat(40+8)Quas — (20— 1) Qua2+(40+2) Q1+ (20+7)Qy) —21).
(0) XI_o AM=1)"Q2x = 1((=1)" (20— 1)Q2y12 +4Q2p+1 — (20— 1)Q2y — (40 +6)Qay—1 — (20 +5)Q2y—2) — 17).
(€) Ao A1) Qzas1 = 1((=1)" (21 + 3)Q2y12 — (20 + T)Q2y — 6Q2y—1 + (20 — 1)Q2y2) + 19).

Here, recall theorem 2.1 and set r = 2, s =t = u = v = 1; this gives the result below.

Proposition 3.2. Forn >0 and settingr =2,s =t =u=v =1, in theorem 2.1 leads to the next outcomes.

() 3o A=) = 5((=1)7 (=30 +8)Anpa+ (9n+21) Apss — (67+4) Ay o+ (90 +6) Ay 1 + (30 +11)Ay) +
8A4 — 2143 + 445 — 641 — 11A,).

(b) 0o M=1)*Aax = 5 ((=1)" ((57—6) Azy+2+15A2, 11— (5n—11) Aoy — (109+13) Azyy—2 — (157 +12) A2y 1) —
Aq+15A3 — 1945 — 27A, — 23A0).

(€) ZA_oA=1)* Aort1 = 5:((=1)" ((109+3) Azys2+5A2 41— (109+18) A2y + (57— 6) Azg—2 — (57+19) Azy—1) +
13A4 — 20A3 — 2845 — 24A;1 — Ap).

The next corollary follows if we replace A, in the proposition 3.2 with P,. We additionally apply the initial
conditions where Pp =0, P =1, P, =2, Ps =5 and Py = 13.

Corollary 3.3. Forn > 0, the fifth-order Pell numbers satisfy the followings:
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(@) R0 M=D*Py = 5((=1)" (~(B3n+8) Pora+ (9n+21) Pss — (60+4) Pz + (I +6) Pya+ (3n+11) Py) +1).
(b) X0 AM=1)*Pax = 35((—=1)" ((51—6) Pan+2+15 Py 11— (50—11) P2y — (107+13) Pay 2 — (157+12) Pay 1) —3).
(€) XX A1) Porsr = 35((=1)" ((107+3) Pay 2 +5P2y 1= (107 +18) Pay + (57— 6) Pay—2 = (57+19) Pay 1) —
11).

The next corollary follows if we replace A, in the proposition 3.2 with P,. We additionally apply the initial
conditions where Qo =5, Q1 =2, Q2 =6, Q3 = 17 and Q4 = 46.

Corollary 3.4. For n > 0, the fifth-order Pell-Lucas numbers have the followings:

(@) 7o A=D2Qx = L(—1)" (—(30+8)Qura+(9n+21)Qn3— (67+4) Qu2+(90+6) Qa1 +(30+11) Q) —32).

(b)) S A=1)1Q2x = 5 ((=1)" ((5n—6)Qa2n+2+15Q2n+1— (57— 11)Q2y — (107+13) Q22— (159+12)Q2p—1) —
74).

(C) ZZ:O A(_l)AQQAJrl = 2*15((_1)7] ((1077+3)Q2n+2+5@27}+1_(10n+18)Q27]+(577_6)Q2n—2_(577+19)Q2n—1)+
37).

Here, recall theorem 2.1 and set r = s =t = u = 1, v = 2; this gives the result below.

Proposition 3.3. Forn > 0 and setting r,s,t,u = 1,v = 2, in theorem 2.1 leads to the next outcomes.

(a) Ao A=DMa = §((=1)" (=(Bn+4) Apra+ (6n+5) Ayrs — (30 = 5) Az + (61— 4) Ay +2(30 +7) Ay) +
AAy — 5As — 5Ay + 4A; — 144,).

(b) YU_gA(=1)*Aax = £ ((—1)" (51— 14) Azpga + (5n+ 11) Azyy1 + (5 + 36) Az, — (200 — 11) Az, 1 —2(10n +
T)Azy—2) — 9A4 + 1645 + 1642 — 9A; — 344,).

(€) Y1 o A=) Maas1 = 5= ((=1)" (107 — 3) Azpy2 + (10n + 22) Agy g1 — (159 + 3) Az + 2(5n — 14) Ay o —
25
(150 + 28) A1) + TAs + TAs — 1845 — 434, — 1840).

The next corollary follows if we replace A, in the proposition 3.3 with J,. We additionally apply the initial
conditions where Jo =0, J1 =1, Jo =1, Js=1and Jy = 1.

Corollary 3.5. Forn >0, the fifth-order Jacobsthal numbers get the followings:

(@) ST A=D M = 5((=1)" (—(B3n+4) Jysa+ (6n+5)Jyps — (30— 5) Jys2+ (60 —4) Jys1 +2(3n+7)Jy) —2).

(b) S 1o AM=1)Max = 55((=1)" (57 — 14) Jay 2 + (51 + 11) Jay 1 + (517 4 36)J2, — (200 — 11)J2, 1 — 2(10n +
7)‘]2"*2) + 14).

(€) S o M=) ans1 = 55 ((—=1)" (107 —3) Jay 2+ (100+22) J2y 41 — (150+3)J2y +2(5n—14) Jo, 2 — (157+28)
Jan—1) — A7).

The next corollary follows if we replace A, in the proposition 3.3 with j,. We additionally apply the initial
conditions where jo = 2, j1 = 1, jo = 5, js = 10 and js = 20.

Corollary 3.6. Forn > 0, the fifth-order Jacobsthal-Lucas numbers satisfy the followings:

(2) X0 A=1Na = 5((=1)" (= (30 +4)jn+a+ (614 5)jnts — (30— 5)jn+2 + (67— 4)jnr1+2(30+T)jy) — 19).

(])O) Zgzo A()—l)AJ'm = 5= ((=1)" ((5n — 14)jay+2 + (57 + 11)jant1 + (51 + 36)j2y — (200 — 11)j2,—1 — 2(10n +
TVjan—a) — 17).

(€) YU o A=) jaar1 = 55 ((=1)" ((10n—3)jiant2 + (100 +22)jant1 — (150+3) 2y +2(5n — 14) jan—2 — (150 +28)
Jan-1) +41).
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The next corollary follows if we replace A, in the proposition 3.3 with K. We additionally apply the initial
conditions where Ko =3, K1 =1, Ko = 3, K3 =10 and K, = 20.

Corollary 3.7. Forn > 0, the modified fifth-order Jacobsthal numbers have the following property:

(8) Yo A=DMEN = 5((=1)" (= (30+4) Kyat(60+5) Ky s — (30 —5) Ko+ (60 —4) K1 +2(30+7) K ) —23).

(b) YU o A(=1)*Kax = 5= ((—1)" (59— 14) Kapy2 + (5n+11) Kapp1 + (50 +36) Koy — (200 — 11) Koy -1 — 2(10n+
T Kay— 2)783)

(€) YR_o A=) Kaxt1 = 55((=1)" (10 — 3) Kap42 + (107 + 22) K2y — (150 + 3) K2y + 2(51 — 14) K2q—2 —
(151 + 28) Kay_1) + 59).

The next corollary follows if we replace A, in the proposition 3.3 with @,. We additionally apply the initial
conditions where Qo =3, Q1 =0, Q2 =2, Q3 = 8 and Q4 = 16.

Corollary 3.8. Forn > 0, the fifth-order Jacobsthal Perrin numbers get the followings:

(2) X0 A=11Qx = 5((=1)" (—=(B3n+4)Qn+a+(61+5) Q45— (31—5)Qui2+(61—4)Qui1 +2(30+7)Qy) —28).

(b) Y1 o A(=1)*Q2x = 2 ((—=1)" ((5n— 14)Qan42 + (50 + 11)Qan 41 + (57 +36) Q2 — (200 — 11)Q2y—1 —2(10n +
7)Q2y—2) — 86).

(€) Ao A=1)Q2r+1 = 55((—=1)" (107 = 3)Q2p+2 + (107 + 22)Q2y41 — (157 + 3)Q2y + 2(5n — 14)Qay—2 —
(157’] + 28)@27]71) + 78).

The next corollary follows if we replace A, in the proposition 3.3 with S;. We additionally apply the initial
conditions where So =0, S1 =1, S2 =1, S3 =2 and Sy = 4.

Corollary 3.9. For n > 0, the adjusted fifth-order Jacobsthal numbers satisfy the followings:

(@) S A=D*Sx = 5((=1)" (=(Bn+4)Sysa+ (67+5)Sy+3— (37 —5)Syr2+ (61 —4)Sy11+2(3n+7)S,) +5).
(B) 0o M=1)Sax = 55 ((=1)" (57 — 14) S22 + (57 4 11) Sz 41 + (57 4 36) 52, — (207 — 11)S2, 1 — 2(107 +
7)S202) - +3)

(€) 3o M=1)*Sans1 = 55 ((=1)" ((107—3) S2yt2+(10n+22) 21— (157+3) Sz +2(57 — 14) S22 — (157 +28)

Son—1) — 19).

The next corollary follows if we replace A, in the proposition 3.3 with R,. We additionally apply the initial
conditions where Rp =5, R1 =1, R =3, R3 =7 and Ry = 15.

Corollary 3.10. The following properties is satisfied by the modified fifth-order Jacobsthal-Lucas numbers, for
n > 0:
(a) Z§=o )\(fl)AR/\ = é(( D7 (—(8n+4)Ry+a+(6n+5)Ryt3—(3n—5)Rytro+(6n—4)Ry+1+2(3n+7)R,) —56).

(b) SSU_gA(—=1)*Rax = 5= ((—=1)" ((5n — 14) Ray42 + (51 + 11) Rant1 + (51 +36) Rayy — (200 — 11) Roy 1 —2(10n +
T)Ray—2) — 154).

(€) 3o A=1)*Raxs1 = 55 ((—=1)" (109 — 3)Rzyi2 + (100 + 22) Ragi1 — (150 + 3)Ray + 2(57 — 14) Ray—2 —
(1577 + 28)R27]71) — 33)

Here, recall theorem 2.1 and set r =2, s =3, t =5, u = 7, v = 11; this gives the result below.

Proposition 3.4. Forn > 0 and settingr =2, s =3,t =5, u =7, v =11, in theorem 2.1 leads to the next
outcomes.
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(a) ZK:O )‘(_1)>\A>\ = 8%((_1)77 (_(9"7 - 2)‘477+4 + (2777 - 15)An+3 +36An+2 + (4577_46)A77+1 + 11(977"’ 7)An) -
244 + 1545 — 36 A2 + 46 A1 — TTAy).

(b) 7 A(=1)* Aax = s ((—1)" (—(2197 — 184) Aoy 4 + (10220 — 1759) Azy 41 + (50371 + 1827) As,y — (16797 —
6034) Az, 1 — 11(584n — 807) Aay_2) — 35A4 — T37As + 1535 A5 + 435541 + 2453 A0).

(€) YT o A=1)*Aaas1 = z555((—1)" (5841 —1391) Azys2+ (43800 +2379) Agy 41 — (27740 —6954) A2y — (795717 —
10165)Ag,y—1 — 11(2197 — 184) As,, o) — 807 A4 + 1430A3 + 4180 A5 + 22084, — 38540).

The next corollary follows if we replace A, in the proposition 3.4 with G,. We additionally apply the initial
conditions where Go =0, G1 =0, G2 =0, G3 =1 and G4 = 2.

Corollary 3.11. Forn > 0, the 5-primes numbers satisfy the followings:
(@) S A=D*Gr = (=) (=(9n—2)Gyia+ (270 —15)Gryi3 436G 2+ (450 — 46) G 1 +11(9n+7)Gy) +
11).

(b) 7 A(=1) Car = 55 ((—1)" (= (2199 — 184) Gayr2 + (10227 — 1759) Gyt + (50370 + 1827) Gay — (16797 —
6034)Gay_1 — 11(5841 — 807)Gay_2) — 807).

(€) S o M=1)"Garg1 = 555 ((—1)" (5847 —1391)Gan 2+ (4380n+2379) Gay 11 — (27747 — 6954) G2, — (79577 —
10165)Gay_1 — 11(2197 — 184)Gay_2) — 184).

The next corollary follows if we replace A, in the proposition 3.4 with H,. We additionally apply the initial
conditions where Hy = 5, Hy = 2, Hy = 10, Hs = 41 and H4 = 150.

Corollary 3.12. The following properties is satisfied by the Lucas 5-primes numbers, for n > 0:

(a) XA A1) Hy =
7)H,) — 338).

((=1)" (—(9n — 2)Hysa + (2T — 15)Hyyy3 + 36 Hyr2 + (450 — 46)Hyen + 11(99 +

2}

(b) YU_g A(=1) Hax = g5 ((—1)" (— (2199 —184) Happ2 + (10220 — 1759) Hay 41+ (50370 + 1827) Hayy — (16797 —
6034) Ha,—1 — 11(584n — 807) Ha,—2) + 858).

(€) 7o AM=1) Horgr = =55 ((—1)" (5841 — 1391) Hayyo + (43800 + 2379)Hay1 — (27741 — 6954) Ha, —
(7957n — 10165) Ha,y 1 — 11(2197 — 184) Ha,y_5) — 18129).

The next corollary follows if we replace A, in the proposition 3.4 with F,. We additionally apply the initial
conditions where Fg =0, F1 =0, F> =0, Es =1 and F4 = 1.

Corollary 3.13. For n > 0, the modified 5-primes numbers get the followings:

(2) X0 A Ex = gy ((=1)" (=(91—2) Eyyat(2T0—15) Eyss+36 By +(450—46) By 1 +11(90+7) By ) +13).

(b) 7 g AM=1)"Eax = 5555 ((—1)" (—(219n— 184) B2y 1.2 + (10227 — 1759) Eay 1 + (50371 + 1827) Eayy — (16797 —
6034) Ea,y 1 — 11(584n — 807) Eay_2) — T72).

(€) 7o AM=1)Eart1 = za55 ((—1)" (5847 —1391) Bzyz + (43801 +2379) Eay 41 — (27747 —6954) B2, — (79571 —
10165)Eap_1 — 11(219n — 184) By, _») + 623).
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3.3 The case z =1

During this subsection, we cope with the closed-form solutions (identities) for sums ZZ:O )\iAAA, Z:o Xit Aoy
and 7_, Ni*Azxq1 specifically considering the sequence {A,},>o. Here, recall theorem 2.1 and set z = 4,
r=s=1t=wu=v = 1; this gives the result below.

Proposition 3.5. Forn > 0 and setting r,s,t,u,v =1, in theorem 2.1 leads to the next outcomes.
(8) 20Nt Ax = 55 (("(((1 = i) n+6 — i) Apya — 2(n+ (3+20)) Ays + (50 — 10 — (1 = 3d)n) Ayz + ((2+ 20)n —
44100)Ap41 + ((L+n+ 2+ T7i)A,) — (6 — i) Ag + (6 + 44) Az + (10 — 5i) Az + (4 — 104) Ay — (2 + T4) Ao).

(b) 7 Nt Aox = 7L (i(((9+ 30)0 + 6+ 76) Azyr2 — (120 + 16 + 120) Aoy g1 + (8 +1i — (3 — 30)n) Ay + (20 — 8 —
(6—66)1) Ay 14 (2—13i — (3+3i)n) Azy_2) + (10— 157) Ay — (12— 28i) Ag — (14+5i) Ay + (8+ 14i) Ay — (16 —4) Ap).

(€) S1_gNi*Aoas1 = 15 (I"(((3i —3)n — 10 — 58) Aapga + (6 4+ 68)n + 14 + 8i) Aang1 + (34 98)n — 2+ 9i) Agyy + (
6148 —61)Aay—1+ ((9431)n+647i) Agy—2) — (2—13i) Ay — (4+20i) A3 + (18 — i) Ag — (6 +144) A1 + (10— 15d) Ao).

The next corollary follows if we replace A, in the proposition 3.5 with P,. We additionally apply the initial
conditions where Pp =0, P =1, Po =1, Ps =2 and Py = 4.

Corollary 3.14. For n > 0, the Pentanacci numbers satisfy the followings.
(8) 3o A Pa = 5 (I"(((1 = 9) 0+ 6 — ) Pya — 2(n + (3+20)) Pyss + (50 — 10 — (1= 30)7) Pygz + ((2+ 20)1 —
4+ 100)Pyyr + (L +)n+ 2+ 7)) Py) + (2 — 317)).

(b) S7_ A Pox = 15 (i (((9 + 30)0 + 6 + 7i) Paysz — (120 + 16 + 124) Payyr + (8 -+ — (3 — 3)n) Pay + (20 —
8 — (6 — 61)1) Pay—1 + (2 — 13i — (3 4 3i)n) Pay—2) + (10 + 5i)).

(€) S7_oNi*Paag1 = 15 (i"(((3i — 3)n — 10 — 5¢) Payya + (6 + 66)n + 14 + 8i) Pay1 + (3 + 94)n — 2+ 91) Pay +
(6n 48 — 61) Pan—1 + ((9+ 31)n + 6 + 7i) Pan—2) + (—4 — 3i)).

The next corollary follows if we replace A, in the proposition 3.5 with @Q,. We additionally apply the initial
conditions where Qo =5, Q1 =1, Q2 =3, Q3 =7 and Q4 = 15.

Corollary 3.15. For n > 0, the Pentanacci-Lucas numbers get the followings.
(a) YoM Qx = 5:(("(((1 =) n+6 =) Quya —2(n+ (3+2))Quis + (5 — 10 — (1 = 30)7) Qu2 + ((2+20)n —
4+100)Qni1 + (1 + i) + 24 74)Qy) + (—24 — 171)).
1
18i

(b) SV_Ai*Qax = 15 ("(((9 + 3i)n + 6 + 71)Q2nt2 — (121 + 16 + 120)Qant1 + (8 + i — (3 — 3i)n)Q2y + (
2 — 8 = (6 — 6i)1)Qan—1 + (2 — 13i — (3 + 30)1)Qay2) + (—48 — 250)).

(€) 31 Xi*Qany1 = 155 (17(((3i —3)n — 10 — 5i) Qap2 + ((6 4 61)n + 144 8i) Qg s 1 + (34 9i)n — 24 91) Qayy + (
61 + 8 — 6i)Qan—1 + ((9 + 39)n + 6 + Ti)Q2p—2) + (40 — 374)).

In a similar way, readers can calculate the corresponding sums of other generalized fifth-order Pentanacci
numbers.

4 Sum > 7_ A\z*A_, with Negative Subscripts

In this section, we compute the following sum for the generalized Pentanacci sequences {4, },>0 with negative
subscripts: >.7_, Az A_.
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Theorem 4.1. For n > 1 and let z be a real (or complex) number. Then, we get the following formula: If
v4rzt +52° + 122 Fuz—2° £0, then

I Q4
Az AN =
); * AT (Wt et + 828 122 fuz — 29)2
where,

Q= 2" (p(—v—rzt—52° —t2% —uz+2%) —v+3r2t 42523 4127 —42°) A pa+2"TH (n(r—2) (vr2t s 2P 2t Fuz—
22) 46125 +szt —uz? —3rizt frv—202—328 —2rs2® —rt2?) A, 3+ 2" (s Frz—2) (vret b2 Htzd duz—2°)
+ArzS4-4s2° —t2* —2uz® —3v2? —2r22° —25%2% fsv—22" —drszt fruz? —st2? +2rv2) Ao+ 2T (n(t 2t sz —
2V (wtrztfs2 22 fuz—2°)+2r2" + 2525+ 2t2° —3uzt —dvz® —r?2® — %2t — 222 ftv— 28 — 2rs2° — 2rt2t 4 2ru
2% — 2st2% + 3rvz® + suz® + 25v2) Ay + 2T (w4 r2® 4 s2% F otz — 2N (v F o2t 4 52 422 +uz — 2°)
—5vzt Fuvtdrvz® 4 3sv22 4 2tv2) A, +2(v—3r2t — 2523 — 122 4 42°) Ay + 2(—6r2° —s2* Fu? +3r% 2t —ru 420z +
328421523 +rt2%) As+2(—4rz8 —4s2® 412 +2uz + 3022 + 202 2° 4252 2% —sv+ 227 +4rszt —ruz 4 st2? — 2rvz) As+
2(—2r2" —282% —2t2° 4 3uzt + v 4220 F 5?2t 1222 —tu+ 28 4 20825 4 2rt 2t — 2ruz® 4 25t 27 —3rvz? —suz® —2sv2)
A +vz(—u — 4rz® — 3522 — 22 + 524)A0.

Proof. Using the following recurrence relation

Ants = rAppa+ sAnis +tAgp +uldp oA,
= A—W+5 = T'A_n+4 —+ SA_W+3 —+ tA_n+2 + UA_»,]_H + ”UA_n

U t s r 1
= A= *;Afnﬂ - ;A7n+2 - ;A7n+3 - ;A7n+4 + ;A7n+5

1 U t s r
= A_,=-A_ 5 — —A_ 1 — —A_ 2 — —A_ 3 — —A_ 4
Y v n+ v n+ v n+ v n+ v n+

ie.
VA=A _yi5 —1rA_pia—SA_py3 —tA_ 40 —uA_pi1.
We obtain
vxnxzTA_, = nx2"A_45 —rxnx2"A_,14
—sXnx2TA_43 —txnX2TA_qo—uxnx2TA_ 41,
v =1)2""A = (=12 A e —r(n—1)2" T A
—s(n — 1)37]_114—71-&-4 —t(n— 1)Zn_1A—n+3 —u(n — 1)Zn_1A—n+2:
v(n — 2)Zn_214—71+2 = (- 2)271_2‘4—77-0-7 —r(n— 2)217_214—71-0—6
—s(n— 2)27]_21477&5 —t(n— Z)ZW_QA*UJA —u(n— 2)27]_21477&3:
v><3><z3A,3 = 3><23A2—T><3><Z3A1
—sX3xX A —tx3x2PA 1 —ux3x2A_,
v><2><22A,2 = 2><22A37r><2><z2A2
—s><2><z2A17t><2><z2Ao—u><2><z2A_1,
vx1x2'A; = 1x2'A; —rx1x2'4;
—sx1xz2'As—tx1x2"A1 —ux1x 2" Ag.
By adding the idendities side by side and applying theorem 1.2 (a), we arrive the result. O

5 Results for Special z Values in Negative Subscripts

This section provides the closed-form solutions (identities) for sums 37 _, A\z*A_j, for particular cases of z = —1
and z = i, specifically considering the sequence {A;},>0.
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5.1 The case z =1
See Soykan [33] for the case z =1 of theorem 4.1.

5.2 The case z = —1

This subsection considers the special case z = —1.

In this subsection, we give the closed-form solutions (identities) for sums >°7_, A(—1)*A_}, specifically considering
the sequence {A;},>0-

Now, recall theorem 4.1 and set r = s =t = u = v = 1; this gives the result below.

Proposition 5.1. Forn > 1 and setting r,s,t,u,v =1, in theorem 4.1 leads to the next outcome.

;]\:1 )‘(_1)/\147)\ = i((_l)" ((277 - 5)A771+4 - (477 - 8)A7n+3 + (277 + 1)A777+2 - (477 - 2)A7n+1 + (277 + 7)
A—ﬁ) +5A4 — 8A3 — Ay — 247 — 7A())

The next corollary follows if we replace A, in the proposition 5.1 with P, and @, respectively. We additionally
apply the initial conditions where Po =0, PL =1, Po =1, Ps =2, P1 =4, Qo =5, Q1 =1, Q2 =3, Q3 = 7 and
Q4 =15.

Corollary 5.1. For n > 1, we get the followings.
(a) XA A=) Py =
P_,)+1).

(b) )22:1))‘(_1)/\Q—>\ = i((_l)n (27 =5)Q—n+a— (40 =8)Q—y+3+ (2n+1)Q—pt+2 — (47— 2)Q—y+1 + (20 +7)
Q-n) —21).

(=1)"((2n = 5)P—pta — (40 = 8) Py + (20 + 1) P_yi2 — (40 — 2) Py + (20 + 7)

=

Here, recall theorem 4.1 and set r = 2, s =t = uw = v = 1; this gives the result below.

Proposition 5.2. Forn > 1 and setting r = 2 and s,t,u,v =1, in theorem 4.1 leads to the next outcome.

T AP Ay = H(( 1) (B1-8) A yes— (91—21)A 5+ (61—4) Ay 12— (9n—6)A_ysr +(6n+11)A )+
8A4 — 21 A3 +4A5 —6A; — 11A0).

The next corollary follows if we replace A, in the proposition 5.2 with P, and @, respectively. We additionally
apply the initial conditions where Pp =0, PL =1, Po =2, P3 =5, P, =13, Qo =5, Q1 =2, Q2 =06, Q3 = 17
and Q4 = 46.

Corollary 5.2. Forn > 1, we have the followings:

(8) S ADPox = §((—=1)" (30 = 8) Poyiea — (9 — 21) Py + (61 — 4) P2 — (90 — 6)Py1 + (61 +
1)P_,) +1).

(b) X A=DQ-x = 5((=1)" (31 = 8)Q-nta — (9 — 21)Q-n43 + (61 — 4)Q—n12 — (97 — 6)Q-nt1 +
(6n+11)Q—,) — 32).

At this point, recall theorem 4.1 and set r = s =t = u = 1 and v = 2; this gives the result below.

Proposition 5.3. Forn > 1 and setting r,s,t,u =1 and v =1, in theorem 4.1 leads to the next outcomes.

;]\:1 )‘(_1)/\A7>\ = é((_l)n ((3n — 4)A_pys — (60— 5)A771+3 + (3n + 5)A*71+2 - (677 + 4)A*77+1 + (377 + 14)
A_p) +4A4 —5A3 — 5Az + 44, — 14A)).
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The next corollary follows if we replace A, in the proposition 5.3 with followings respectively:
n = JW with Jo :O,Jl = l,JQ = 1,.]3 = 1,.]4 =1,

n = Jn With jo = 2,51 = 1,72 =5, j3 = 10, j4 = 20,

n = Ky with Ko = 3,K;, =1, Ky =3, K3 = 10, K4 = 20,

n = QU With Qo :3,Q1 :O,QQ 22,Q3 28,Q4 = 16,

n :SU with So :O,Sl = 1,32 = 1,53 =2,54 =4,

n =Ry with Ro =5,R1 =1,R; =3,R3 =7,Rs = 15.

N S N N NS

Corollary 5.3. Forn > 1, we get the followings:

(a) )Zzz)l >\(—1)>‘J7>\ = é((_l)” ((B3n —4)J_pya— (60 —=5)J piz+ (Bn+5)J_pi2— (6n+4)J 11+ (3n+ 14)
J_n) —2).

(b)) Z’lz)l AM=1)Ya = 5((=1)" (30 — 4)j—psa — (6n = 5)j—nt3 + (30 +5)j_pi2 — (6n+4)j_ni1 + 37+ 14)
J—n) —19).

(c) )Zizl)h(—l)AKﬂ = ()" (Bn=4) K4 — (61— 5) K5+ (30 +5) K2 — (6n+4) K i1+ (3n+14)
K_;) - 23).

o )ZL)A(_DA 2 =5((=D)"(Bn=D)Q—n+a— (61 =5)Q—nts+(Bn+5)Q—pt2— (6 +4)Q i1+ (3n+14)
Q—n) — 28).

(e) A1) Sn =
S_y)+5).

v )Zz:l)/\(fl)AR‘A = 5((=D)"(Bn =4 Rpys— (61— 5)Rnis+ (30 +5)Rpi2— (6n+4)Rps1 + (31 +14)
R*’q - 56 .

(=1)" ((3n — 4)S—p+4 — (61— 5)S—y43 + (37 + 5)S—p+2 — (67 +4)S—n41 + (3n + 14)

Ol

Proposition 5.4. Forn > 1 and settingr =2, s =3,t =5, u="7, v =11, in theorem 4.1 leads to the next
outcomes.

;]\:1 )‘(_1)/\A7>\ = 8*11((_1)" ((9774'2)‘4*7&4_(2777+15)A771+3+36Afn+2_(4577+46)A*77+1 _(1877_77)14771)_
2A4 + 15A3 — 36 A2 + 46 A1 — TTAo).

The next corollary follows if we replace A, in the proposition 5.4 with G,, H, and E, respectively. We
additionally apply the initial conditions where Go = 0, G1 =0, G2 =0, Gs = 1, G4 = 2, Hy = 5, H1 = 2,
HQZ].O, H3:41, H4:150, E():O, E1:0, E2:0, E3:1andE4:]..

Corollary 5.4. Forn > 1, we get the followings:

(@) Y1, A1 G = & ((=1)" (94 2) Gy — (270 + 15)G— 45 + 36G 2 — (457 + 46) Gy 1 — (187 —
TTG_y) + 11).

(b)) Z;;:l A(—)1)AH—A = sr (=17 (9 +2)H-ya — (270 + 15) H_ 3 + 36 H— 2 — (451 + 46) H 11 — (187 —
TT)H_,) — 338).

(©) NI A1 By = & (=) (9 + 2B ppa — (2774 15)B_pps + 36E_ 12 — (457 + 46) E_ 1 — (187 —
TT)E_,) + 13).

5.3 The case z =1

In this subsection, we present the closed-form solutions (identities) for sums > 7 _, Xi* A_y, specifically considering
the sequence {A;,};>0. At this point, recall theorem 4.1 and set » = s =t = u = v = 1; this gives the result
below.
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Proposition 5.5. Forn > 1 and setting r, s, t,u,v = 1, in theorem 4.1 leads to the next outcomes.

T AMA = L ((L+ ) n—6—1)A ya+(6—27—40) Ay + (1045i— (14 30) n)A_ps2+ (2 — 20) 0+
44100)A_ i1+ (A+9)n—24+T)A_,) + (6 +i)As — (6 — 49)As — (10 4+ 5i) Az — (4 + 10i) A1 + (2 — Ti) Ao).

The next corollary follows if we replace A, in the proposition 5.5 with P, and @, respectively. We additionally
apply the initial conditions where Po =0, P =1, Po =2, Ps =5, P1 =4, Qo =5, Q1 =1, Q2 =3, Q3 = 7 and
Q4 = 15.

Corollary 5.5. Forn > 1, we obtain the followings.

(@) Y1 AMPoy = @ ((141)1 = 6 — )Poyas + (6 — 2 — 40)Poyps + (10 + 5i — (14 38) )Pz + (
(2= 20074 4+ 100) Py + (14 ) 1 — 2+ Ti)Por) + (—2 — 30)).

(b) 2 X'Q-x = z(z"(((l Fi)n—=6—)Q—p+a+ (6 — 20 — 4)Q—ny3 + (10 + 5i — (1+31) N)Q-n+2 + (
(2- 22)77+4+1Oz) 1+ ((@+9)n—2+T7)Q—y) + (24 — 177)).

Corresponding summations of the other fifth-order generalized Pentanacci numbers can be calculated in a similar
way.

6 Conclusion

In this study, we initially revisited the definition of generalized Pentanacci numbers, laying out the formal
expressions and recurrence relations. We also drew from several important publications in the literature to build
a foundation for our paper. To enhance comprehension, we present three detailed tables. Table 1 showcases the
notations of some special cases of the generalized Pentanacci sequences with the related references. Table 2 gives
the notations of some members of generalized Pentanacci sequences with the OEIS numbers of some of them
and related papers. Finally, Table 3 presents the some special studies of sum formulas related to sequences and
related studies. Moreover, we highlight two crucial theorems conducted by Soykan in [32], which have proven
invaluable in this research. These theorems, referenced frequently throughout this paper, provided key theorems
that significantly contributed to the development of the results presented here.

In Section 2, we compute the following sums for the generalized Pentanacci sequences {A;},>0 with positive
subscripts: Y 7_, Az A, 1 Az Aoy and > o Az Aoy,

In section 3, we provide the closed-form solutions (identities) for sums > 7_, Az Ax, 7 Az Asy and

1 Az* Agayq for particular cases of z = —1 and z = 4, specifically considering the sequence {4, },>0. The
above sums have been calculated for the sequences listed in Table 2 when z = —1 and z = 1.

In section 4, we compute the following sum for the generalized Pentanacci sequences {A,},>0 with negative

subscripts: > 7_, Az A_,.

In section 5, we provide the closed-form solutions (identities) for sums $°7_, Az*A_ for particular cases of
z = —1 and z = ¢, specifically considering the sequence {Ay},>0. The above sums have been computed for the
sequences listed in Table 2 when z = —1 and z = i.
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