Open J. Math. Sci., Vol. 2(2018), No.1, pp. 39 - 55
Website: https://pisrt.org/psr-press/journals/oms/

ISSN: 2523-0212 (Online) 2616-4906 (Print)
http://dx.doi.org/10.30538/0ms2018.0016

ON THE VISCOSITY RULE FOR COMMON FIXED POINTS
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ABSTRACT. In this paper, we establish viscosity rule for common fixed
points of two nonexpansive mappings in the framework of CAT(0) spaces.
The strong convergence theorems of the proposed technique is proved under
certain assumptions imposed on the sequence of parameters. The results
presented in this work extend and improve some recent announced in the
literature.
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1. Introduction

The study of spaces of nonpositive curvature originated with the discovery of
hyperbolic spaces, and flourished by pioneering works of J. Hadamard and E.
Cartan in the first decades of the twentieth century. The idea of nonpositive cur-
vature geodesic metric spaces could be traced back to the work of H. Busemann
and A. D. Alexandrov in the 50’s. Later on M. Gromov restated some features
of global Riemannian geometry solely based on the so-called CAT(0) inequality
(here the letters C, A and T stand for Cartan, Alexandrov and Toponogov, re-
spectively). For through discussion of CAT(0) spaces and of fundamental role,
they play in geometry, we refer the reader to Bridson and Haefliger [1].

As we know, iterative methods for finding fixed points of nonexpansive mappings
have received vast investigations due to its extensive applications in a variety
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of applied areas of inverse problem, partial differential equations, image recov-
ery, and signal processing; see [2, 3, 4, 5, 6, 7, 8, 9] and the references therein.
One of the difficulties in carrying out results from Banach space to complete
CAT(0) space setting lies in the heavy use of the linear structure of the Banach
spaces. Berg and Nikolaev [10] introduce the notion of an inner product-like no-
tion (quasi-linearization) in complete CAT(0) spaces to resolve these difficulties.
Fixed-point theory in CAT(0) spaces was first studied by Kirk [11, 12]. He
showed that every nonexpansive (singlevalued) mapping defined on a bounded
closed convex subset of a complete CAT(0) space always has a fixed point.
Since then, the fixed-point theory for single-valued and multivalued mappings in
CAT(0) spaces has been rapidly developed. In 2000, Moudaf’s [13] introduced
viscosity approximation methods as following

Theorem 1.1. [13] Let C be a nonempty closed convex subset of the real Hilbert
space X. Let T be a nonexpansive mapping of C into itself such that Fix(T) is
nonempty. Let f be a contraction of C into itself with coefficient 6 € [0,1). Pick
any o € [0,1), let {xn} be a sequence generated by

Tn
Tp)+ —
47ﬁth( ) 1+,

where {7y, } is a sequence in (0,1) satisfying the following conditions:
(1) nggo T =0,
(2) X2 m=o0,
(8) Yoo lts — L[ =o.

Yn+41

Tpt1 = . T(x,), n>0

Then {x,} converges strongly to a fized point x* of the mapping T, which is also
the unique solution of the variational inequality

(x — f(x),z—y) >0, Vye Fie(T),

in other words, x* is the unique fived point of the contraction Priyr)f, that is
Prigry f(x*) = x*.

Shi and Chen [14] studied the convergence theorems of the following Moudaf’s
viscosity iterations for a nonexpansive mapping in CAT(0) spaces.

Tapr = tf(@,) ® (1 - T (2,) (1)

Tny1 = o f (@) ® (1 — an)T(an) (2)
They proved that {x,} defined by (1) and {z,,} defined by (2) converged strongly
to a fixed point of T in the framework of CAT(0) space. In 2017, Zhao et al.
[15] applied viscosity approximation methods for the implicit midpoint rule for
non-expansive mappings

xn/@>xn+l

Tnal oznf(xn)@(lan)T( 5

),VnZO.
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Motivated and inspired by the idea of Naqvi et al. [16], in this paper, we establish
viscosity rule for common fixed points of two nonexpansive mappings in the
framework of CAT(0) spaces

n+1 D Tn nt1 D Tp
Tni1 = O‘nf(xn) D BnS <$+12$> + T ($+12CU) (3)

2. Preliminaries

Let (X, d) be a metric space. A geodesic path joining z € X to y € X (or, more
briefly, a geodesic from z to y) is a map ¢ from a closed interval [0,1] C R to X
such that ¢(0) = z, ¢(l) = y, and d(c(t),c(t')) = |t — t'| for all t,¢' € [0,]]. In
particular, ¢ is an isometry and d(z,y) = I. The image « of ¢ is called a geodesic
(or metric) segment joining z and y. When it is unique, this geodesic segment
is denoted by [z, y]. The space (X, d) is said to be a geodesic space if every two
points of X are joined by a geodesic, and X is said to be uniquely geodesic if there
is exactly one geodesic joining x and y for each z,y € X. A subset Y C X is said
to be convex if Y includes every geodesic segment joining any two of its points. A
geodesic triangle A(x1, 29, x3) in a geodesic metric space (X, d) consists of three
points x1,x9,and x5 in X (the vertices of A) and a geodesic segment between
each pair of vertices (the edges of A). A comparison triangle for the geodesic
triangle A(1, 29,73 in (X, d) is a triangle A(z1, 72, 23) := A(T71, T2, T3) in the
Euclidean plane E? such that dgz2d(z;, ;) = d(z;,x;)for i,j =1,2,3.

A geodesic space is said to be a CAT(0) space if all geodesic triangles satisfy the
following comparison axiom.

Let A be a geodesic triangle in X, and let A be a comparison triangle for A.
Then, A is said to satisfy the CAT(0) inequality if for all z,y € A and all
comparison points Z,7 € A,

d(l‘, y) = dg2 (Ea y) (4)

Let x,y € X and by the Lemma 2.1(iv) of [17] for each t € [0, 1], there exists a
unique point z € [z,y] such that

d(z,2) =td(z,y), d(y,z) =1 —1t)d(z,y). (5)
From now on, we will use the notation (1 —t)z @ ty for the unique fixed point z
satisfying the above equation.
We now collect some elementary facts about CAT(0) spaces which will be used
in the proofs of our main results.

Lemma 2.1. [17] Let X be a CAT(0) spaces.
e For any z,y,z € X and t € [0,1],
d(1-txdty,z) < (1 —-t)d(z,2)+td(y, z) (6)
e Forany z,y,z € X and t € [0,1],
(1 -tz dty,2) < (1 —t)%d(z,2) +td*(y, 2) — t(1 — t)d*(z,y) (7)
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Complete CAT(0) spaces are often called Hadamard spaces (see [1]). If =, y1, y2
are points of a CAT(0) spaces and yo is the midpoint of the segment [y1,ys],
which we will denoted by %, then the CAT(0) inequality implies

53] 1 1 1
& (0 252) < 5@ + 3P wm) - {Enm). O

This inequality is the (CN) inequality of Bruhat and Tits [18]. In fact, a geodesic
metric space is a CAT(0) space if and only if it satisfes the (CN) inequality (cf.
[1], page 163).

Definition 2.2. Let X be a CAT(0) space and T': X — X be a mapping. Then
T is called nonexpensive if

d(T(x),T(y)) < d(z,y), w,yeC.

Definition 2.3. Let X be a CAT(0) space and T': X — X be a mapping. Then
T is called contraction if

d(T'(x),T(y)) < 0d(z,y), z,yeC 0€0,1).
Berg and Nikolaev [10] introduce the concept of quasilinearization as follow:
Let us denote the pair (a,b) € X x X by the c% and call it a vector. Then,
quasilinearization is defined as a map
(L) (X xX)x(XxX)—R
defined as
— 1
(ab, cd) = 5 (@0, d) + d(b,) = d*(a,c) - (b, d). 9)

It is easy to see that (%,c_gb = (21, %), (@, 21) = 7<£, 21> and (af, &?) +
(a?i, ;D = (%,:i} for all a,b,c,d € X. We say that X satisfies the Cauchy-
Schwarz inequality if
(ab, cd) < d(a,b)d(a, c)

for all a,b,c,d € X. Tt is well-known [10] that a geodesically connected metric
space is a CAT(0) space of and only if it satisfy the Cauchy-Schwarz inequality.
Let C be a non-empty closed convex subset of a complete CAT(0) space X. The
metric projection P.: X — C'is defined by

u= P.(z) <= inf{d(y,z) 1y € C}, VrelX.
Definition 2.4. Let P, : X — C is called the metric projection if for every
x € X there exist a unique nearest point in C, denoted by P.x, such that
d(z, Pox) < d(z,y), y€C.

The following theorem gives you the conditions for a projection mapping to be
non-expensive.

Theorem 2.5. Let C be a non-empty closed convex subset of a real CAT(0)
space X and P.: X — X a metric projection. Then
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(1) d(Pe, Pey) < (&0, PexPey) for all .y € X,
(2) P. is non-expensive mapping , that is, d(z,p.x) < d(z,y) for ally € C,
(3) (xP.x,yP.y) <0 forallz € X andy € C.

Further if, in addition, C' is bounded, then F(T) is nonempty. The following
Lemmas are very useful for proving our main results:

Lemma 2.6. (The demiclosedness principle) Let C' be a nonempty closed convex
subset of the real CAT(0) space X and T : C — C such that

Tpn — 2" €C and (I —T)x, — 0.
Then x* = Tx*. (Here — (respectively —) denotes strong (respectively weak)

convergence. )

Moreover, the following result gives the conditions for the convergence of a non-
negative real sequences.

Lemma 2.7. Assume that {a,} is a sequence of nonnegative real numbers such
that any1 < (1—PBn)an +n,Vn > 0, where {B,} is a sequence in (0,1) and {5, }
i a sequence with

(1) Z;L.O:O fBn = o0,

(2) lim,, o0 sUp % <0 or Y7 10, < o0,
Then lim a, — 0.

n—oo

3. Main Result

Theorem 3.1. Let C be a nonempty closed convex subset of the real CAT(0)
spaces X. Let S : C — C and T : C — C be two nonexpansive mappings with
U:=F(T)NF(S) # ¢ and f : C — C be a contraction with coefficient § € [0,1).
Let {z,,} be a sequence in C' generated by

it = anf(2n) ® BaS <x+12€M> T <x+1;w) |
where {an}t, {Bn}, {1} C (0,1), satisfying the following conditions:

n— oo
(2) Y lapt1r —ay| < oo and Y |Bpt1 — Pl < 00;
n=0 n=0

(3) i Qp = O0;
n=0

(4) lim 7 (22 ) g (22925 ) — 0 and lim a, = lim B, = 0.
n—oo n— oo

n—oo
Then {x,} converges strongly to a common fized point =* of the nonexpansive
mappings T and S which is also the unique solution of the variational inequality

(of (2}, 7%) vy eU.

In other words, x* is the unique fized point of the contraction Py f.



44 E. Bonyah, M. Ahmad, I. Ahmad
Proof. We will prove this theorem into the following five steps:

Step 1. First, we show that the sequence {z,} is bounded. Indeed, take p € U
arbitrarily, we have

ntl @ Tn n+1 @ Ty
denirp) = d(anf(en)® 55 (THED) o7 (22 )

= d (anf(m ® BaS (”“@x)

2

Tnt1 DTy
+¥ T +12> , (an + Bn + %)P)

doninn) < and(flon).p) + (5 (222 ) )

(=2,
(

f%><»+%wmmm+ma<

<xn+1 @ xy )
Tpy1 DT
””7p)

e%m%mwﬂmuwmwwm+%m( -

Tpt1 DT
””,p)

IN

Tpnt1 DT
”2”,p>

IA

— Gand(enp) + and(F ) + (1= ana (27

—

O0nd(n,p) + and(F(p),p) + ~

1—a,

IA

+

d(zn,p),

this is equivalent to

<11%jﬂ%Hms(1;”+%Qa%mHammmw

2

(1+ an)d(@ni1,p) < (1 = an + 20,0)d(2, p) + 20,d(f(p), p)

1+« — 20, + 20,0
d(Tpi1, < d(xy,
(Tnt1,p) < 1+, (Tnsp) +

200,

o, d(f(p),p)
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Sl (i)

Thus,

d(zp41,p) < max {d(l‘n,p)v Hd(f(p)vp)} :

Similarly,

o) < max {dan1,0). (725000 |-

From this, we obtain,

donnp) < wax{denp) gl 0}

< mexfaten 1) 1 g0}

¢ max {ian). i)}

45

Hence, we concluded that {z,} is a bounded sequence. Consequently, {f(x,)},

{S(%)} and {T(%)} are bounded.
Step 2. Now, we prove that le d(xps1,Tn) = 0.

d(anrlv fn)

= a(anf@n) @, (LI ) o7 (L2t 20

2 2

1 fn 1) & B S <In@xn—1> T <l‘n@xn—1>)

IN

(). Fa) ot = anald (). 7 (255

Tnt1 O Zn Zn @ Tn1
o (2552) o(2572)
160 = Bn-1ld (S (w@;m) T <x@;1)>
o (r (252) 1 (2572 ))

LTn 2 Tn—1
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Let M be a number such that My > max {sup (s (x"'+12@x”) T (x””;@x”)),
n>0

supd(f(xn), T (W))} Thus, the above is equivalent to
n>0

[Zn41 — @nll
Tnt1,Tn Tp + Tp—1

< Oéned(l‘n, xn—l) + ﬂnd( D) ) 9 )
Tpal + Ty Ty + Tp—
+’Ynd ( +12 5 D) 1> + |an - CYn71| + |Bn - ﬂ’ﬂ*l‘M2
S aned(xn; xn71> + ﬁld(x'rH»lwxn) + &d(xn; $n71> + ,yind(anrlw'I;n)

2 2
+,y?nd(xnaxnfl) + ‘an - anfl‘ + |6n - Bn71|M2
Bn | Mn Bn | Mn
— (ane + - + 5 d(Tn, Tn-1) + - + 5 d(Tnt1,Tn)
+(|an - an—l' + |6n - Bn—l‘)MZ

1—a, 1— o,
= <an0—|— 2a )d(azn,xn_l)—i- @

+(|an - O471—1| + Iﬁn - /Bn—l‘)MQ-
Combining the common terms from left and right hand sides, we get,
1—a, 1—a,
+(|05n - an—1| + |ﬂn - Bn—lDMQ

2

d(Tpi1,Tn)

This implies that

d(xn+17xn)
14+ oy — 200, + 20,0 2(Jon, — an—1| +18n — Brn=1l)
d _ M.
1+ ay, (@n, Tna) + 1+ ay ?
20én(1 — 9) 2(|an - an71| + ‘/Bn - ﬁn71|)
= l1——————=|d nyLn— M
( 1+a, ) (¥n, 2n-1) + 1+a, ?

o0 o0 o0
Note that > ay, = 00, > |apt1 — an| < 00 and > |Bny1 — Bn| < 0. Using

n=0 n=0 n=0
Lemma 2.7, we have d(2,11,2,) — 0 as n — oo.

Step 3. Now, we will show that li_)m d(xp, St,) = 0 and li_>m d(xp, Tzy) = 0.

Consider

d(@n, S(zn))

< o anen) +l (o, 7 (22 ) g (1 (T )
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IN

IN

Since,
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() o (252) 30

d(Tn, Tpi1) +d <Oznf(xn) P BnS (I"+12@I"> & v T (%+12€Bl’n>

’T<xn+12® an)) +d(xn+12@ xn,mn)

—|—d (T <xn+l @-’1771) ,S (xn+1 Ean))
2 2
d(Tpn, Tnt1) + and <f(:rn),T (W))
+5nd (S <5En+1 © xn) 7T (‘rn—O—l & xn)) + 1d(‘rn+1vgjn)
2 2 2
+d (S (mn-‘rl @xn> T <mn+1 Ean))
2 2
v ot (242
T

s (s (22) (222

hm o, = lim d( (”“'"“2@“) S (I"“;Bw”)) =0and lim d(zpi1,%n) —

n— 00 n—00

0, we get d(xn,S( n)) — 0 asn — oo.

Moreover, we have

) < o)
< d(an@xn )+d )
= %d(xn+1,xn>+d<5<xn>7xn>
— 0 as (n — o0)

Now, consider

IN

IN

d(n, T(2n))
A(n, Ensr) +d (a:nﬂ, s (:””“2@“)) +d (T (’3"“2@“7") ,T(mn)>

Tnt1 D Tn Tniy1 DTy
wi(s () o (o))

d(znaxn+1) =+ d (T <xn+12@ ’J’Jn> ,S (zn+12@ J?n)) n
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(anf(xn) ® BnS (“;“> & 7T <9E+;M) s <x+2€M>)

+d <xn+12@ Tn 7 l'n)

1
< d(xnaxn-i-l) + apd (f(xn)a T (W)) + id(mn-‘rl; xn)
+'7nd (S (xn+1 @In) ,T (xn+1 EBLUn))
2 2
+d(S <$n+1 Ean) ,T (xn+1 @mn>)
2 2
<

gd(xnvxn+1) + and (f(xn)aT (W))

o (s(E25) 1 (5)

Since, lim «, = lim d (T (““2@“) .S (I"HQ@I")) =0and lim d(zpi1,2,) —

0, we get d(xn, Tx,) — 0 as n — oo.
Also,
d (T (”C"“;B “") xn> < d ( (x”“ = x”) T(a ) d(T (), )
1
= id($n+17 zn) + d(T(zn), Tn)
- 0 (asn— o)

—
Step 4. In this step, we will show that limsup<:c*f(:c*;,x*:cn> < 0, where,
n— oo
x* = Py f(z*).
Indeed, we take a subsequence, {z,, } of {z,,}, which converges weakly to a fixed

point p € U = F(T) N F(S). Without loss of generality, we may assume that
{zn,} = p. From 1i_{n d(xpn,S(z,)) =0, 1i_{n d(xpn, T(zy)) = 0 and Lemma 2.6,

we have p = S(p) and p = T'(p). This together with the property of the metric
projection implies that

limsup(x*f(x*5,1*$n> = <$*f(1'*5a$71>7> <0

n— oo
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Step 5. Finally, we show that x,, — z* as n — oco. Again, take * € U to be
the unique fixed point of the contraction Py f. Consider

IN

IN

d2 (xn+la xn)

& (anf@n) @ 5o (LI ) g7 (ZE ) o)

& (anf@n) @ 85 (220 ) o, 7 (222 (0, 4y 0t

2 d?(f(xy), ") + B2d2 <5 <%+12@%> I)
+y2d? ( (x"ﬂg@ m") a:)

+20,, B <f(;vn):r S (W) x*>

2007 <WT (mnHz@ xn) x>
G )

« d2( -Tn ) + 62 d2 (xn+12@ In ) + ’YndQ (xn+12€9 In ) .13*)

20,00 ( flxn)f ) (wn+1 ®$n> ac*>

(

< 33n+1269 xn> x>
20 <f <””+12@””“> x>

(r

(o

f—*) xn+12@ xn) $*>

xn+1 ©® xn) * T (mn+12€9 zn) $*>

(B2 + )8 ( ) T 200 Bud(f(n), ()

xd (S (W) ,x*) + 20,y d(f(xy), f(x*)).d (T (W) ,x*)
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et (5(2522) ) (s (2252 )

where

K, = aidQ(f(xn)w*) + 20, 85, <f(;v*)xi7s (WL> ac*>

2
+200,n <f(:c*)9c T (W‘) x*>

This, implies that

d? (Tnt1,2n)

(3 20 (T2 0 ) b 2t a)d (25 )

IN

+2ann0d(xy, x™).d (Wl7 x*)

2
+2Bnvnd M,x* d wﬂ;* + K,
2 2
Tn Dz, %
= (BZ + '72 + 25n7n)d2 (+12,x >
* Tp+1 D, %
= (Bt ()
* Tpy1 DTy
+20,0(B + Yn)d(xp, 2*).d fﬂg + K,
= (1- Oé@zd%ww*)
* In+1 @ In «
+2a,0(1 — ap)d(xyy, *).d <2,:17 > + K,
The above calculation shows that
0 < 2a,0(1— an)d(xmx*),d(w —z¥)

+(1 - an)2d2 (xn-‘r12€9xn — l'*) — d(zn-‘rla I*)Q + Knv
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which is a quadratic inequality in d (%, x*) Solving the above inequality

for d (%@‘T",x*), we have

T

2
—20c, (1 — a)d(xp, ™)
- 2(1 — ap)?
N V40202 (1 — ay,)2d2 (w, 2%) — 4(1 — 0y,)2(K,, — A2 (21, 2%))
2(1 — ap)?
 —Oand(xn, T \/02a2d2 (T, x*) — Ky + d(xpg1,2*)
1—a,

This will give

1
5 (@ensn,a) + dan,2)
S —Ocnd(Tn, %) + \/0202d2 (2, %) — Ky + d2(T11, 7*)
- 1—a,
=
1
5 (1= an)d(zn41,27) + (1 + (20 — Dag)d(zn, 27))
> \/GQa%dQ(xn,x*) — Ky + d?(xpq1,2%)
=
1
4 (1 = ap)d(zni1, %) + (1 + (20 — l)ozn)d(zn,x*))Q

> 92aid2(zn,x*) - K, + d2(xn+1,x*),

which is reduced to

1 ,
1(1 - an)2d2(mn+17$ ) +

1(1 —an)(1+ (20 — Day)d(zpt1,2").d(zn, ")

3(1 + (20 — 1o, )*d? (2, 2*)

> 0*aid(zn,x*) — K, + d*(xpq1 — 27).
This inequality is further reduced by using the elementary inequality

2d(mn+1a x*)d('xﬂmx*) S d2($n+1, ) + d (mn? *)

to the following inequality
1

1(1 - O‘n)2d2(xn+17x*) +

1

7 (= o) (1+ (20 = Do) (@ (zn 11,

0202 d*(xz, — %) — K + d*(zpy1, %)

%(1 +(20 — Day)?d? (2, 27)

z*) + d*(zn, %))

Vv
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This implies that
1 2 1 2 *
1—1(1—04”) —1(1—04”)(14—(29—1)04”) d*(Tp41,2")

< (i(l + (20 — Day,)* + 3(1 —an)(1+ (20 — Day,) — 9204,%) d*(x,, ")

+K,
or
11— n) (1 20 — 1 n_022
P (zpi1,2") < 14( o 41_( o =~ A, )
== e~ F0- a1+ 29— o)
1(1+ (20 — Dawy)?
i n K’ (10
T = T —an+ @ —1Day
where
K, = =
" 1T an)? = (- an)(1+ (20~ Day)
Note that
1= (=0 = (1= a,)(1+ (0~ Do)
= 1 (- a1~ a1+ (26~ T)ay)
1
= 1 2(1—an)(l = an+ 1+ 200, —ay)
1
= 11— (1= an)(2 - 205 + 200n)
1
= 1- 50— an)(1 - an +00y)
1
and

1 1
1(1 + (20 — Dayp)* + 1(1 — ) (14 (20 — Day,) — 622
1
— 1(1 + (20 — Do) (1 + (20 — Doy, +1 — ) — %02
1
= Z(l + (20 — Do) (2 + 20a, — 2a,) — 0%a?
= %(1 + (20 — Do) (1 + oy, — a) — 0202

= %(1 (20— Dan)(1 — (1 - B)ay) — 622,
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Now from (10),
d*(

17n+1,$*)

114 (20 = D)1 — (1 = O)ay,) — 6202 N ,
- 1= 5(1 = an)(1l - an(l-9)) Llemat) + K (1)

Consider the following function, for ¢t > 0.

1 11+ (20 —1)t)(1— (1 —0)t) — 6212
g(t)"t{l‘ L I0 -1 (1-0) }

1—2(1—t)(1—t(1—0)) — $(1+ (20 — 1)t)(1 — (1 — O)t) + 63t
1-3(1-t)(1-t1-9) }
—2(1—t(1—0)(1 —t+ 1420t —t) + 622
1-3(1-t)(1-t1-9) }
1—2(1—t(1—0))(2 — 2t +26t) + 6**
1-5(1-t)(1—t1-9) }
1-— (1—t+9t))(1—t—|—9t))+92t2}
1= 11— —t(1-0))
1— (142 + 0% — 2t — 201> + 20t) + 0*¢*
1—2(1—=t)(1—t1-0)) }
11t292t2+2t+29t220t+02t2}
1—3(1—t)(1—t(1-19))
—t 4+ 2420t — 20
1—1(1—-t)(1—t(1—-90))
By applying limit ¢ — 0, we have
lim g(t) = 4(1 — 6) > 0.

—_

S S N S B R e

— — = = A A

Let § > 0 be such that for all 0 < ¢t < 4§, g(t) > € := 4(1 — §) > 0. This is
equivalent to

1 {1 $(1+ (20— 1)t)(1— (1 —0)t) — 92752}

¢ 1—3(1=t)(1—t(1-9))

This implies,

11+ (20— 1t)(1— (1 —0)t) — 622
1-11-t)(1-t(1-9))

Since a,, — 0 as n — 0o, there exist some integer N, such that o, < §,Vn > N.

From (11), we have

d*(zpy1,2%) < (1 — ape)d(z,, z*) + K,

1—te>
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On the other hand, we have

limsup— = limsup ¢ 243, f(w*)x,S(W)x

n—oo Qp n—00

+2vn )T

F@et, T (““ il “”"‘”) o

+and2 (f(xn)a LL‘*)}
< 0

The above inequality implies that

/
limsup —= < 0.

n—roo an

From the above two inequalities and Lemma 2.6 we have
lim d2(xn+1,x*) =0,
n—oo

which implies that x,, — =* as n — oco. This completes the proof.
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