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ABSTRACT. In this article, we compute closed forms of M-polynomials for
three general classes of convex polytopes. From the M-polynomials, we
derive degree-based topological indices such as first and second Zagreb
indices, modified second Zagreb index, Symmetric division index, etc.
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1. Introduction

A graph G(V, E) with vertex set V(G) and edge set E(G) are connected, if
there exists a connection between any pair of vertices in G. The degree of a
vertex is the number of vertices which are connected to that fixed vertex by the
edges. In a chemical graph, the degree of any vertex is at most 4. The distance
between two vertices u and v is denoted as d(u,v) = dg(u,v) and is the length of
shortest path between u and v in graph G. The number of vertices of G, adjacent
to a given vertex v, is the “degree” of this vertex, and will be denoted by d,.
The concept of degree in graph theory is closely related (but not identical) to
the concept of valence in chemistry. For details on basics of graph theory, any
standard text such as [1] can be of great help.

Several algebraic polynomials have useful applications in chemistry such as
Hosoya polynomial (also called Wiener polynomial) [2], which plays a vital role
in determining distance-based topological indices. Among other algebraic poly-
nomials, M-polynomial [3] introduced in 2015, plays the same role in determining
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closed form of many degree-based topological indices [4, 5, 6, 7, 8]. The main
advantage of M-polynomial is the wealth of information that it contains about
degree-based graph invariants.

Definition 1.1. [3] The M-polynomial of G is defined as:

§<i<i<A
where 6 = Min{d,|v € V (G)}, A = Max{d,|v € V (G)}, and m;;(G) is the edge
vu € E(G) such that {d,,d,} = {i,j}.

The first topological index was introduced by Wiener [9] and it was named path
number, which is now known as Wiener index. In chemical graph theory, this
is the most studied molecular topological index due to its wide applications; see
for details in [10, 11]. Randi¢ index, [12] denoted by R_;,5(G) and introduced
by Milan Randi¢ in 1975 is also one of the oldest topological index. The Randié

index is defined as .

Roap@= )
weEE(Q) w
In 1998, working independently, Bollobs and Erds, [13] and Amic et al. [14]
proposed the generalized Randi¢ index which has been studied extensively by
both chemists and mathematicians [15]. Many mathematical properties have
been discussed [16]. For a detailed survey we refer the book [17].
The general Randi¢ index is defined as:

1
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and the inverse Randi¢ index is defined as RRo(G) = >_,,c p(q) (dudy)®-
Obviously R_;,5(G) is the particular case of Ry(G) when o = —3.

The Randié¢ index is the most popular most often applied and most studied
among all other topological indices. Many papers and books such as [18, 19, 20]
are written on this topological index. Randi¢ himself wrote two reviews on
his Randi¢ index [21, 22] and there are three more reviews [23, 24, 25]. The
suitability of the Randi¢ index for drug design was immediately recognized,
and eventually the index was used for this purpose on countless occasions. The
physical reason for the success of such a simple graph invariant is still an enigma,
although several more-or-less plausible explanations were offered.

Gutman and Trinajsti¢ introduced first Zagreb index and second Zagreb index,
which are defined as: M;(G) = ZuveE(G) (dy+dy) and My (G) = ZuveE(G) (dy, x
dy,) respectively. The second modified Zagreb index is defined as:

m _ 1
Wel6) = 2 Tod)

weE(G)
For details about these indices we offer [26, 27, 28, 29, 30] for the readers.
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The Symmetric division index is defined as:

oD(E) = Y {nﬁn@u¢%)+_maxwu¢h)}.

?M)EE(G) max(du7 dv) mln(du, dv)

Another variant of Randié¢ index is the harmonic index defined as:

Z d?l J’_ dU

vu€EE(Q)

The Inverse sum index is defined as:

Z du + dv

vu€EE(Q)

The augmented Zagreb index is defined as:

dud, °
A(G): Z {du‘i‘dv_2} ’

vu€E(Q)

and it is useful for computing heat of formation of alkanes [31, 32].
The following Table 1 relates some well-known degree-based topological indices
with M-polynoimal [3].

Table 1 Derivation of some degree-based topological indices from
M-polynomial

Topological Index Derivation from M (G;x,y)

First Zagreb (D, +Dy)( (Gs 2, Y))a=y=1
Second Zagreb (DeDy) (M(G;2,y))e=y=1
Second Modified Zagreb (S y)( (G;2,Y))p=y=1

Randi¢ Index (D2Dg) (M(G;2,y))a=y=1
Inverse Randi¢ Index (528) (M(G;2,))a=y—1
Symmetric Division Index | (DS, + Sz Dy) (M(G;z,y))p=y=1
Harmonic Index 28, J(M(G;2,y))e=1

Inverse sum Index SeJDyDy(M(G;z,y)) =1
Augmented Zagreb Index 53Q 2JD3D3(M(G Z,Y))z=1

where

Yy
D, = xé)(fa(iyy)’ D, = ya(fay S, = f f dt, S, = g F@.t) gy 7

J(f(x’y)):f(x7x)’Qa(f( ’y))_xaf( )

2. Main Results

In this section we give our main results.
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2.1. Computational aspects of Convex Polytopes T;,. The graph of con-
vex polytope T;, can be obtained from the graph of convex polytope @,, by adding
new edges. It consists of three-sided faces, five-sided faces and n-sided faces.
ait1bi, e, V(T,) = V(Qn)and V (Th,) = V(Qn) U {ait1b; : 1 <i<n}as
shown in figure 1.

Fi1GURE 1. Graph of Convex poltyope T.

Theorem 2.1. Assume we have a convex polytope T, , then the M-Polynomial
of Ty, is

M (T z,y) = 2n2y® + 2n2y® + nay* + 2naty® + nabyC.
Proof. Let G =T, be a convex polytope. It is easy to see form Figure 1 that

[V (T)| = 4n,
\E (T},)| = 8n.

The vertex set of S, has two partitions:

Vi(T,) ={ueV(T,): d,=3},

Va(Tn) ={ueV(Ty): d,=4},

(1) ={ueV(T,): d,=6},
such that

Vi(Tn)| = 2n, [Va(T0)| = n, [V3(T0)| = m,
The edge set of T;, has three partitions:

E\(T,)={e=w e E(T,): d,=d,=3},
Ey(T,) ={e=we E(T,): d,=3,d, =6},
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E5(T,) ={e=uve E(S,): d,=d,=4},
Ey(T,)={e=w € E(T,): d,=4,d, =6},
Es(T,)={e=w € E(T,): d,=d, =6},
From Figure 1,
|E1(T,)| = 2n, |Eo(T,)| = 2n, |B3(Ty)| = n, |Es(T,)| = 2n, |Es(T,)| = n,
From the definition of the M-polynomial

Tn’x y me

i<j
3,3 3,6 4,4
—Emgg xy—|—§m36 )xy+§m44 ) Ty
3<3 3<6 4<4
E mas (Tn) 2'y° + E M6 (
4<6 6<6
y
:E mas ( $y+§ mse ( a?y+§ M (
uveEq uv€ Fy uvE k3
4.6 6,6
—I—E Mg ( xy—|—§ mes (Th) °y
uvEFy uvEEs5

= |By| 2%y 4 | By 23y8 + | B3| 2*y* + |Ey| 2y® + | Es| 2%9°
= 2nzy® + 2na3y® + naty? + 2naty® + nabyC.
O

Now we compute some degree-based topological indices of double antiprism from
this M-polynomial.

Proposition 2.2. Let T, be the double antiprism, then
(1) My(Ty) = 70n.

(2) Mao(Ty,) = 154n
(3) "Mo(T,) = Zn.
(4) Ro (Th) =2 x 9% + 2 x 180 + 16%n + 2 x 2497 + 36°n.
(5) RRa(Tn):52 .
(6) SSD(T,) = 5n.
(7) H(T,) = En
(8) I(T,) = 84,
() AT) = B
Proof. Let

M (Ty;z,y) = f(z,y) = 2nz3y® + 2nay® + naty* 4+ 2na?y® 4 nabys
Then
D, (f(z,y)) = 6nz’y® + 6nz3y® + dnaty® + 8naty® + 6na’yS,
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Dy (f(z,y)) = 6nay> + 12n23y® + dnaty* + 12nayS + 6nay°,

(DyD.) (f(z,y)) = 18nxy® + 36n23y°® + 16ns*y* + 48na'y® + 36m2°%°,

2 1 1 1 1
S0, (F(w,)) = nay® + gnaty® + onaly' + Snaty® + sonay’,

DDy (f(x,y)) =2 x99 a3y2 +2x18%na3yS +16“naty* +2x 24%na* y 5 +36%na’y®,

2n 2n n 2n n
oo _ AN g3, 2N 36 M a4, AN 46, T 66
SwSy(f(x,y))—gaxy +16axy +16aa:y +24axy +36axy7

4n
SyDy (f(z,y)) = 2na’y® + na’y® + naty* + ?3?496 + na’y®,

SeDy (f(z,y)) = 2na3y® + dnady® + naty® + 3naty® + nabyS,

2
Sedf(z,y) = gxﬁ + %xg + ?nxg + %xm + %xlz,

24
SeJD.Dy (f(z,y)) == 3nz° 4+ 2nz® + 4na® + gnxm + 3naz'?,

1458 4096 11664 27648 46656
SﬁQ_QJDiDgf(x,y) = nzt+ nal+ nz’+ 81 zt0

64 216 343 Y T2 ™ T 000

Now from Table 1
(1) My(Ty) = (Da + Dy) (f(@,9))| ey = 700

(2) Mz (Ty,) = DoDy(f(2,9))],—,—y = 154n.

(3) ™My (T) = SuSy(f(@,9))]pmyy = 157

(4) Ry (T},) = D,(;D;;é(f(gc,y))|m:y:1 =2 x 9% + 2 x 18%n 4 16%n + 2 x
24%n 4 36%n.

(5) RRo (Tn) = S2Sy(f(@,9)],_,_, = 5% + 165 + 16 + 315 + 36a-

(6) SSD(T) = (SyDa + S:Dy) (f(&.9))],_,_, = Zn.

(7) H(Tn) = 28:J (f(2,9)) la=1 = En.

(9) A(Tn) = $}Q-2JDID} (f(x,9))|,_, = Sotaa00 -
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FIGURE 2. Graph of double antiprism Ag.

2.2. Computational aspects of Convex Polytopes A,. The graph of con-
vex polytope (double antiprism) A,, can be obtained from the graph of convex
polytope R, Rn by adding new edges b;t1¢;, i.e.,

V(A,) =V (Ry)andV (4,) = V (R,)U{bit1¢; : 1 <i<n} asshown in Figure
2.

Theorem 2.3. Let A, be the double antiprism, then the M-Polynomial of A,
18

M (A, , z,y) = 2nzty* + dnatyS + naby°
Proof. Let G = A,, is double antiprism. It is easy to see form figure 2 that
[V (An)| = 3n,
|E (An)] = Tn.
The vertex set of A, has two partitions:

Vi(Ap) ={ueV(A,): d,=4},
Vo(Ap) ={ueV(A4,): d,=6},
such that

IVi(An)| = 2n, [Va(4n)| = n.
The edge set of A, has three partitions:

E(Ay,)={e=w e E(A,): d,=d, =4},

Esx(Ay) ={e=we EA,): d,=4,d, =6},

Es(A,)={e=w € E(A,): d,=d, =6},
From Figure 2,

| B (An)| = 21, |E2(An)| = 4n, [E3(An)| = n,
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Now from the definition of the M-polynomial

i<j
= maa (An) 2yt + ) mae (An) 2'y® + > mes (An) 2%°
1<4 4<6 5<5
= Z maq (Ay) 2yt + Z mag (An) 24y + Z mes (An) 2°0y°
uve Fy uvE Foy uvE k3
|Ey| 2ty + | Bo| 2*y® + | Es| 2%)°

= 2nzty* + dnatyS + nabyS.
O

Now we compute some degree-based topologcal indices of double antiprism from
this M-polynomial.

Proposition 2.4. Let A, be the double antiprism, then
(1) M1(A,) = 68n.

(2) MQ(An) = 7371

(4) Ro (An) =n(4 x 24% +36% + 2 x 16%).
(5)R Q(A"):n(lf%—"m%"’%%)

(7) H(Ay) = Hn.

(9) A(A,) = bizosa,

2.3. Computational aspects of Convex Polytopes. S,

The graph of convex polytope (double antiprism) S,, can be obtained from the
graph of convex polytope@,, by adding new edges c;c;41, i.e.,

V(Sp) =V (Qn)and V (S,) =V (Qrn)U{cici+1 : 1 <1i<n} asshown in Figure
3.

Theorem 2.5. Let S,, be the double antiprism, then the M-Polynomial of Sy, is
M (Sn; x,1y) = 2n23y® + 2nady® + dnadyS.

Proof. Let G = S,, be the double antiprism. It is easy to see form Figure 3 that

[V (Sn)| = 4n,
|E (Sn)| = 8n.

The vertex set of S, has two partitions:

Vi(Sn) = {fu e V(Sy): dy =3},
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FiGURE 3. Graph of double antiprism Sg.

Vo(Sp) ={ueV(S,): d,=5},
such that

[V1(Sn)| = 2n, |Va(S,)| = 2n.
The edge set of A, has three partitions:

Ei(S,)={e=wve E(S,): d,=d,=3},
Ey(S,) ={e=wv e E(S,): d,=3,d, =5},
Es5(S,) ={e=wv e E(S,): d,=d,=5},

From Figure 3,

|EV(Sn)| = 2n, [E2(Sn)| = 2n, |E5(Sn)| = 4n,
Now from the definition of the M-polynomial

M (Spsx,y) =Y mij (Sn) 2"y

1<j
= > mas(Sn) 2Pyt + Y mas (Sn) 2Py’ + Y mss (Sn) 2®y°
uv€FEy uv€ Fo uv€EFE3

= |Ey| 2%y + | By 23y® + | B3| 2%y°
= 2na3y® + 2na3y® + dna’y®.
O

Now we compute some degree-based topologcal indices of double antiprism from
this M-polynomial.

Proposition 2.6. Let A, be the double antiprism, then
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(1) Mi(S,) = 68n.

(2) Ms(S,) = 148n.

(3) ™Ma(Sn) = gen.

(4) R (Sh) = 2n(0% + 159 + 2 x 259).
(6) SSD(5,) = 28

(7) H(S,) = 2n

(8) I1(Sn) = %n

(9) A(Sn) = Z3n

3. Conclusions and Discussions

We computed closed forms of M-polynomial of three general classes of convex
polytopes at first. Then we derived as many as nine degree-based topological
indices such as first and second Zagreb indices, modified second Zagreb index,
Symmetric division index, Augmented Zagreb index, Inverse-sum index etc.
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