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Abstract

In this paper, some inequalities involving the extension of k-gamma function are presented.
Consequently, some previous results are recovered as particular cases of the present results.
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1 Introduction

In recent years, some extensions of the well known Euler’s classical gamma function have been
considered by several authors. Also many properties and inequalities concerning these functions
have been examined; see for example, [1], [2], [3], [4], [5], [6] and [7]. The Chaudhry-Zubair extension
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of the gamma function is defined as [§]

Fb(z):/ £*7le " %dt, Re(b) >0, Re(z) > 0, (1.1)
0

and satisfies the recursion relation and reflection formula respectively as

Tp(z 4+ 1) = 2T(2) + 0% (2 — 1),
Io(—2z) = b7 *Ts(2).

In the case b = 0, The Chaudhry-Zubair extension of the gamma function conclude with the classical
gamma function. Mubeen have introduced the following extension of k-gamma function [9]

0 _iE _pkyk
Ty.i(2) :/ t*""e” F~ "k dt, Re(z)>0,b>0,k>0. (1.2)
0
Note that, when b = 0, I'y 1 (2) tends to the k-gamma function defined by [3]
o0 k
Th(2) :/ t*"le"®dt, k>0,Re(z)>0. (1.3)
0

Also, when k =1, I'p 1 (2) tends to I'y(z) and if both b =0 and k = 1, then I'y (2) tends to Euler’s
classical gamma function I'(z).

Some properties of the extended gamma k-function I'y i (x) are given in [9] as follows:

Dos(z+ k) = alpp(z) + 6" Ty p(x — k), b>0,k >0 (difference formula), (1.4)

b Ty k(—z) = T i(z), Re(b) >0,k >0 (reflection formula). (1.5)

Throughout of this work, N indicates the set of natural numbers and No = NU {0}.
By differentiating repeatedly (1.3) with respect to z, one can obtain

k ky—k

T () :/ F It T dt, Re(2) > 0,b> 0,k > 0 (1.6)
0

where m € N.

In this paper our goal is to give some inequalities concerning the function I‘,(:,z) (z) for z > 0 by
using similar techniques as in [10] and [11]. Our results are also generalizations of some known
results in the literature.

2 Main Results

In this section we present our main results by using Holder’s, Minkowski’s and Young’s inequalities
among other algebraic tools.

Lemma 1 ([12]). (Holder’s Inequality) Let o, 8 € (0,1) and o+ B = 1. If f(z) and g(x) are
integrable real valued functions on [0, 00), then the inequality

| @@t < [ @+ [ lor )’ (.1)

holds.
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Theorem 1. Let z,y > 0,b > 0,k > 0,a,8 € (0,1), a4+ 8 = 1, m,n even, m,n € Ny and
am + fn € Ng. Then the extension of k-gamma function satisfies the inequality

(am+pBn) m @ n B
Tyk (az + By) < [Fi,k) (JC)} [ink)(y)] .

Proof. By using the equation (1.6), we obtain

(am n R _ 7&7 ki—k
Fb,k e )(aerﬂy) :/ taz«l»ﬁy 1(lnt)am+6n6 fk' . fk dt
0
Then since a + 8 = 1, and m, n are even we have
(am+pn) * a(a— _th_pkemk _ _th bRk
I " (ax +By) = / = 1)(hlt)ame( R )”‘tﬂ(y 1)(lnt)ﬁ"e( Tk )Bdt
0
oo k k,—k o oo k k,—k
< [/ tzfl(lnt)me(f%fb G )] [/ tzfl(lnt)"e(f%fb ¥ )]ﬁ7
0 0
by using Hoélder’s inequality (2.1) and the result follows. O

Remark 1. By letting k = 1 in the Theorem 1, we obtain the Theorem 3.1 of [11].

The following definition is well known in the literature; see for example [13].

Definition 1. Let f :[a,b] CR — (0,00). Then f is called a log-convez function, if
flaz + (1 - a)y) < [f@] [f»]' "

holds for any x,y € [a,b] and « € [0,1].

Corollary 1. Let x > 0,6 >0,k >0, a,8 € (0,1), a+ 8 =1, m even and m € No. Then the
function Ff:,i)(a:) 1s log-convez.

Proof. From the Theorem 1 by letting m = n we get
Mo (az + By) < [0 @) e )]
which completes the proof. O
Corollary 2. Let x > 0,b >0 and k > 0. Then the function I'y x(x) satisfies the inequality
Lo 4 (2)T () = Lo ()],
Proof. From the log-convexity property of I'y 1 (z) we have [In Fb,k(x)]” > 0. Then

v Tor(@)] | Tonl@)Th (@) — [Ty ()]
Lo ()] = [Fb,k(:v)} = [Ty ()] 20,

and the proof completes. O

Corollary 3. Let x >0,b> 0,k >0, m € Ny and m even. Then the inequality
O3 @) < T (@ (@)
holds.

Proof. Letnzm+2,a=,@=%andx=yin the Theorem 1. O
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Definition 2. We introduce the extended k-digamma (k-psi) function ¢y k() as the logarithmic
derivative of Ty i (x);

d Tpp(e) 1 /°° T
)= —InTpr(z) = = = t Inte™ % todl
Yo,k (T) dr bk(2) Towu(z)  Tor(z) Jo

and more generally the extended k-polygamma function ¢z(>,nx:)($) by

m—+1

m d
s (x) = 7o nTer(2)

forbk >0, m=1,2,... and z > 0.
From the difference formula (1.4), we get
InTyr(x+k)=Inz+InTyi(x) + klnb+InTy x(z — k).
Then,
Doz +K) = T+ Yun(@) + Yoo — B). (2.2
Theorem 2. The function ¥y (x) is increasing for x > 0.

Proof. Since Ty 1 (z) is log-convex function we have [In Fb,k(m)]n >0 for all z > 0. Then,

v Tor(@)Ty (@) = (Cu()’
[T,k (2)]?
by using the Corollary 2. O

Gy i(2) = [In Ty p(2)] >0

Theorem 3. The following reflection formulas hold true for b,k >0, m=1,2,... and x > 0,
”L/)b,k(‘r) + 1[};),;@(—:0) =Inb, (23)

Uk (@) = (—1)™ (™ (—a). (2.4)

Proof. By using the reflection formula (1.5), we have
zlnb+InTy k(—z) = InTs (),

and taking the derivative of both sides in the last equation, we obtain the equation (2.3). Also
taking the derivatives of the equation (2.3) repeatedly, we get the equation (2.4). O
Theorem 4. Letz,y >0,b>0,k >0, m € No, m even, o, € (0,1), a+8 =1 and s > 0. Then
the inequality

Ty (o + By + ) < O3 (@ + )] [0 (v + 5))7
s valid.

Proof. By using the equation (1.6) and Holder’s inequality, we have

oo k k,—k
Ty (azx + By + 5) :/ T YD Ly pyme T R gy
0

k

= [y o ) - o o <45
0

[e'e] k k,—k o oo k k,—k
< [/ £ (Int) e~ TR dt] [/ s (Int)me” R dt]B
0 0

= [DyW (2 + )] [0 (y + 5))°.
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Hence;
P(m) < P(m) o F(m) B
pi (x + By + ) < [y (x+ )] [Ty (v + 8)]7.
O

Theorem 5. Let x,y > 0,b >0, a,c,k >0, m € No, m even, o, € (0,1) and a+ = 1. Then
the function 'y i (z) satisfy the inequality

Fl()tn) (az + cy) < [F(rn)( - )} [PI(;?(%)]B

Proof. Similarly, by the Holder’s inequality, we obtain

oo .
F,(:,z)(ax +cy) = / LT ()™ e~ T Tt
0

oo k k,—k k k,—k
:/ taz_o‘(lnt)ame(_%_bf’% )atcy_ﬁ(lnt)ﬁme(_%_btk )é
0
ko pky—k a o . ko ky—k 8
g[/ £ (nt)™ e T dt] [/ tF () e R dt] :
0 0

establishing the result. O

Lemma 2. [12] (Young’s Inequality) If a and b are nonnegative, o, 8 € (0,1) and o+ 8 =1, then
the inequality

a®b’ < aa+ Bb (2.5)
holds.

Corollary 4. Let z,y >0,b>0, a,c,k >0, m € Ng, m even, o, 3 € (0,1) and o+ 5 = 1.
Then the following inequality holds

F’(JTZ)((ME +cy) < aF(m)( ) + ﬁr(m) (Cﬁy)

Proof. The proof follows immediately by using the Theorem 5 and the Lemma 2.5. O

Remark 2. Let m =n =0 and a = b =1 in the Theorem 5. Then we obtain the Theorem 3.9 and
Corollary 3.10 in [11].

Lemma 3. [12] (Minkowski’s Inequality) Let 1 < p < oo. If f(z) and g(x) are integrable real
valued functions on [0,00), then the inequality

[T i@+ s@pa] < [T a4 [ o a]” 2.6
holds.

Theorem 6. Let x,y > 0,b> 0,k >0, m,n € No, m,n even, a,8 € (0,1) and u > 1. Then the
inequality

L33 (@) + T3 ()]

holds for x,y > 0.
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Proof. Since z* + y* < (z+ y)k for x,y > 0 and k > 1, by using Minkowski’s inequality we obtain
that

ky—k

and the proof completes. O
Remark 3. By letting k =1 in the Theorem 6, we obtain the Theorem 3.12 of [11].

Theorem 7. The inequality

m Iy (@) + Ty ()
Fl(),k)(x)g : 2

is valid for x > 0, m,r € No, m,r even such that m > r.

Proof. By direct computation, we obtain the result since we have

(m—) (mtr) (m) Tl r myp1 —th_pkeh
{7 (2) 4 T4 () — 200 () = [(lnt)rJr(lnt) 72](lnt) e dt
0
ko k=K

:/ [1— ()]’ (Ine)™ "™ le™ F = Fdt >0.
0

Theorem 8. Let b,k > 0, m € Ny and m even. Then for 0 < a < 1, the inequalities

(2.7)

Fim et < Dkt T (k)
T (bt ax) T T (k + ak)

hold true for x € [0,k]. If a > 1, then the inequalities (2.7) are reversed.

Proof. From the Corollary 1 we have F(m)( + k) is log-convex. Then logarithmic derivative of
(037 (k)]

(m) . Then
'y (ax+k)

Fl(;z)(m + k) is increasing. Let f(z) = [ln F(m>(x + k)] and g(z) =

Ing(z) =aln ngz) (z+k)—1In F,()’mk)(ax + k).

Now, taking derivatives of both sides of the last equation, we get

If0 < a<1then g (z) > 0, since f(z) is increasing and g(z) > 0. Then the inequalities (2.7)
follows for = € [0, k]. Similarly, for a > 1 reverse of the inequalities (2.7) is satisfied. O

Theorem 9. Suppose that s € (0,1), b,k > 0, m € Ng and m even. Then the inequality
Tyy (@ +s) < [ @) T3 (@ + D)

18 valid for x > 0.
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k k,—k
Proof. Let f(t) = t1 =)@ (In¢)mi=2) e_(l_s)(tT_b ) and
k pky—k

g(t) =t (Int)™ efs( TR ) Then by using Holder’s inequality we get

1

o ko opke—k\\ L 1—s
M) < [[7 (100 g ) T )
0

X [/00 (tsx(ln t)mse_s(%_W))% dt] )
0
= [/Oot”*(lnt)me*%*bkfk dt]lfs [/Oo(t”(lnt)me*%*@ dt]sdt
0 0

=[5 (@) [ (z + 1))°,

completes the proof of the theorem. O

3 Conclusions

In this study, we establish some inequalities for the extension of k-gamma function by using the
classical Holder’s and Minkowski’s inequalities and other algebraic tools. The established results
are generalizations of some previous results.
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