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Abstract

Let Sdenote the class of analytic functions normalized and umivade¢he open unit dic.
U= {Z |z |<]} The prime focus of the present paper is to obtain shgwpr bounds for the functiona

_ 2
a'a+2 :uaa+1

a,.,8,.,—a,,| for functions belonging to the clady’ (a,c, 5,4,1).

and
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1 Introduction

Let A denote the class of analytic functions of the form:

f(z):z+iakzk (€]
k=2

in the unit diskU ={Z:|Z|<]} and normalized withf (0) = f'(0)—1=0. Also, we denote the

subclass oA consisting of univalent functiong (Z) in the unit diskJ by S. Now, the following classes of
analytic functions shall be recalled.

Let f OA. Then, f OS’ if and only if

D{Zf'(z)}w, 20U . @)
f(2)

This is called the class of starlike functions. Aleo,f [J A. Then f LIC if and only if

D{1+ Zf”(z)} >0, 20U . @)
f'(2)

This is referred to as the class of convex functions. &h&e classes have been widely studied by various
authors such as [1-4] to mention but few (see also [5]) tHéery of analytic functions has wide application
in many physical problems such as fluid flows, heat condua®mdynamics and so on.

Now, let A(@) denote the class of functions of the form:

f(=2"+ iakzk, aON={123.} 4)

k=a+1

which are analytic andr -valent in the open unit disk. Suppose that we define themodified Catas
derivative operatoi | (A,l) as follows:

1LANF@=t@ =2+ a 5)

1L f(2) = |2(/1,I)f(Z)(%}('SW)f(Z))'(l/]Tzlj

(1+A(a-D+1) , & (1+A(k-D+I K
(e 5 [

k=a+1

(6)
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“'j+(li(/|,l)f(z))'[szlJ

12(A,1) f(2) = lj,(A,I)f(Z)[l_1+

:[1+/](a-1)+|j2 o i (1+/1(k—1)+lj2a 7 "
1+1 K=a+1 1+l ‘
1ZANT@ =120, I)f()(1 ”+'j+('5(ﬂ")f(z))'[%j
:(1+A(a—1)+|j o Z"’: (1+/1(k—1)+lfa K Y
1+] k=a+1 1+l ‘
and in general
|;;(/1,|)f(z)=|;‘1(/Ll)f(z)[1_lirlj+(l3'1(/‘v')f(2))'(sz,j
©)

:[1+/](a—1)+ljnza+ i (1+/1(k—1)+|j”a "
1+1 1+1 X

k=a+1
A20; 120, nON,; aON and zOU .

By specializing the parameters involved in (9), varidesvative operators (known and new) are obtained
(see [6-10] among others).

Let us also define the functiot” (&, C; Z) by

¢°(a,c;z) =2° +Z(a)“ « (10)

k=a+1 (C)k -1

alON;ald; cOO —{0,—],—2,..} and zJU , where(a), is the Pochhammer symbol defined by

k) _|% k=0
(@), = pAath) ={ (11)
y(a) a(at+l(a+2)...(a+k-1, k OON.
Or
ya+k) 1 [k,
= = -1);, kON, =N O{0} . 2
@=="3 a+k{|;l(a+1 )} o =N 0{0} (12)
With the aid of (9) and (10), we define a linear operator
" (1+ A(a -1 +I (a)k1(1+)|(k 1)+Ij v
J'(a,0)f(2) =| ———
" (a0)f(2 ( T3] ) kza;l 0. T a.z (13)
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Remark

For A=1, n=1 =0 and a =1 operator (13) cracks down to Carlson-Shaffer operator(dgk find also
for different values of the parameters involved the opeiat(13) reduces to the likes of the Saitoh operator

[12] and recently the Mahzoon-Lotha [13] operator. In paldi; if A =1, @ =1 anda =c we have the

celebrated Salagean derivative operator. However, our domes is to examine the coefficient bound,
Fekete-Szego problem and the second Hankel determinantfufations in the analytic class

T.7(a.c,B,A,0).
With this in mind, we define the following class of anaftinctions.

Suppose that the functiofi, (Z) is of the form (4). Thenf,(z) 0T, (a,c, 8,A,1) if it satisfies the
condition that:

Jdx@ot@+s20i@ot@] |, ”
a|37 (@9 f,@+B2( (@0 f,@) ]

aON; a00; c00-{0-1-2..}, 0<B<land zOU.
Noonan and Thomas [14] stated tqé? Hankel determinant foff =1 andn=>1 as

a a

n n+1 n+q-1
a
— | 7n+l
Hq(n) -
a‘n+q—1 an+2q—2

This determinant has been repeatedly investigatedysyaleauthors and researchers (see [15-17, 1, 18-20]).

In particular, one can observe that the Fekete and Szegtiohad is H, (I). Fekete and Szego [1] then
further generalized the estimeia3 - ,uag‘ where 44 is real andf 0JS.

Also, for the purpose of the present investigation wesicen the second Hankel determinant in which
g=2 andn =2, such that

B 8

4

Hga:‘ aON.

2 Preliminary Results

Let P (Class of Caratheodory functions) be the familylbfumctionsp analytic inU for which p(0) =1,
D{ p(Z)}> 0 and

p(z) =1+ p,z+ p,2° +... zOD (15)
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in the unit diskD (see [21]).
Lemma2.1[21]. If p[P(class of Caratheodory functions), thep, |< 2 for eachk, (k =12,...).

Lemma22[18]. If pOP, then
P, =%[pf + (4= p?)x,
And
P, =1 [p2 +2p. (4= P1)x= Py (4= p)x° + 264~ 1)1~ 1 X))
for some value of x, z such tHat[< L and | z|<1.
3 Main Results

Theorem3.1. Letf,(2) 0T (a,c, 8,A,1) Then, ford 2 0; 1 20; a0 0; cO00 -{0-1-2,..};
alN;0< <L nON, and zOU

|aa+1 |S (C)a EI pl , |aa+2 |S (C)a+1 E/(aplz + pz), |aa+3 |s (C)a+2 éaz pf+3a pl p2 +2p3)
(a)a l//ylﬂ (a)a+1 2‘//Vz¢72 (a)a+2 6‘//}/3%
where
_ ~ _ ( 1+ar+l Y
n=R+pA+a)l, y,=0+BR2+a)l, y,=1+LB+a).4 _(WJ :
:(1+/1(1+a)+lj | %:(1+/1(2+a)+|j and = 1
1+ A(a -1 +I 1+ A(a -1 +I a@ld+ap)
Proof: Supposingf, (z) 0T, (a,c, 8,4,1), then we have that
407(a,0)t(2)+B2(3° (a,c)f(z))']'_: ). .

al3¢(ac)f(9+B2z(3¢ (ac)f (2)]

where p(z) is as defined in (15). This implies that

1+ > Wty s gy

k=a+1 k-1

1+ Ak-D+1Y)" .,
——— | .z
1+ A(a -1+
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© i} 1+ Ak-D+1\"
=+pz+pz22+p,22+p,2°+. )1+ %a 1+BK)y| — 2~ 2 | g,z“ 17)
1+ pz+ p, 22 + ps2* + p, ){ D A Fry g LY

By comparing the coefficients of the like powerzéh (17), we obtain

(@), 1+ad+l )
©. @A+a)[1+ ﬁ(l+a)]t//(1+ ; (a—1)+|j A
_ (), 1+ap+l Y
- (C)a a [1+'8(1+a)]¢/(1+/1(a'—1)+|j a'a+l+ p.l.’ (18)

(@ 1+ A@+a)+1)
o (2+a)[1+ﬂ(2+a)]w(l+ ; (a—1)+lj CH

:(a)”“a[1+ﬁ(2+a>]w[m(1”’)+'jnam

(C)a+l l+/1(0’—1)+|
(@), 1+ar+l )
+( . a [1+ﬂ(1+a)]40(1+/](a_1)+|j a.uth, a9

and

&z <3+a)[1+ﬁ(3+a)]w(

1+A@2+a)+ )
1~ a1 aa+3
(C)a+2

1+ A(a -1+

= @-)7::”20,[14. BB+ a)](//(“"(zwjnam +%a[1+ B2+ a)]t//(“/](lenam P

(a2 1+ A(a -1+l (©)an 1+ A(@-1)+
o [1+,8<1+a)]w(1+ ; (a—l)+|j B,P; + Py (20)

and this ends the proof of theorem3.1.

Theorem3.2. Let f,(2) OT.” (a,c, 8,A,1) Then, ford 2 0; 1 20, a0 J; c 00 -{0-1-2,..};
alN;0< B<1L u00;,nON, and zOU
1

@ Gy e Do Claall Y@ L+ 22) = 20(@) O, Vo]

_ 2
a'a+2 /'Iaa+l

where
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_ _ ~ ( 1+ar+ Y

n=[A+pa+a)l, y,=0+B2+a), Vg—[1+ﬁ(3+a)],¢1—[mj,
(1A Y (1Al ye 1 '
N1+ a@-D+1) 7 1+ M@ -D+I “a@+ap)

Proof: The proof follows immediately from (18) and (19).

Next, we proceed to the Hankel determinant.

Theorem3.3. Let f,(2) 0T (a,c, B,A,1) Then, ford 2 0; 1 20; a0 ; c00 -{0-1-2,..};
alN;0< <1, nON, and zOU

a.a .. —a’

a+1~a+3 a+2

L(©Q:.0+ap)
(a)fr+1y22 ¢§

Where

1+/1(1+a)+|j”

v, =1+ B@+a) and @ =(1+A(a_1)+|

Proof: As f,(2)OT,(a,c,3,4,1) from theorem 3.1, using (18), (19) and (20) we have that

1
Q11843 ~ A2y =W[(M -N)a? p} + (@M =2N)a pip, +2M p,p, - Npi] (4]

where

M = Z(C)a (C)a+2 (a)fwl y22 ¢22'
N =3(a), (a),., (C)iq nWvs: 4 &,
H(a)=12(a), (8)4., (R Vi Vi V2 6 & &,

and )1, Vo, Vo @+ @ @ are as earlier defined.

Now, using lemma 2.1 and lemma 2.2, we obtain

4a® (M - N) p +2a 3M -2N)(p? + p? (4- p?)x)
1
< +2M (p? +2p? (4- p)x- p? (4- p2)x2 +2p, (4- p2) - | x[2) 2).
~N (p2 +(@- p2)x)’

8,185 — 87

a+l™a a+2

Assuming thatp, = p and pO[0,2], using triangular inequality anpz |[<1, we obtain
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[402(M -N)+2a (3M -2N) +2M - N]p4
s4H1(a) +[2a/ (3M —2N) +4M —2N]p? (4~ p) 5~ [2Mp? + N (4~ p?)] (4 p*) 5°
4M p (4— pz)—4M p (4_ p2)52

2
aa+3 aa+2

a

a+l

1
4H (a)

F(9) (22)
where, 0 =| X|<1 and

F(0) =|[4a?(M - N) +2a (3M - 2N) +2M - N|p* +[2a (3M -2N)+4M - 2N]p? (4~ p) 3
[oMp? + N@- p?)]@- p?) 5% +aM p (4- p?)- aM p (@- p?) &

is an increasing function.

Therefore,

MaxF(0)=F ().

Consequently,
2 1
az(@)a, (@) - (@)= - @ P (23)
where
G(p) =F@.
So

G(p) = 2[2a* (M = N)-2M + N|p* +8a (3M -2N) +3M - 2N]p* +16N,
G'(p) =8[2a (M -~ N) - 2M + N|p® +16[a (3M —2N)+3M —2N]p

and

G'(p) = 24]2a% (M — N) - 2M + N|p? +16[a (3M - 2N) +3M - 2N].

Also,

G'(p) =0 implies that 2p[2L(a)p® - M (a)] =0.

Obviously,G(p) attains its maximum value p£0. Thus,

Max G(p) =G(0).

Hence, from (23), we obtain our desired result. Finalith warious choices of parameters involved, several
results (known and new) are obtained. Few of them are given below
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Suppose thatr =1 in theorem 3.3, then we obtain the following corollary.

Corollary 3.4. Let f, [ Ti(a,c,ﬁ,/l,l). Then, ford 20;1 =0; al; cOO —{O,—l,—Z,...};
alN;0< <1 n0ON,; and zOU

©:@+5)

(m§a+2ﬁf[12iﬂ+f

2
la,a, —al| <

Also, if @ =1and n=0in theorem 3.3, then we obtain the following corollary.

Corollary 35. Let f, [ Té(a,C,IB). Then, forA =20l 20,0 0N; alld; cOO —{O,—ZL—Z,..};
0< <% nONg; and zOU

©30+8)
(a); A+ 24)°

2
‘aza4 —as‘ <

Finally, suppose th& =1 n= £ =0anda = C in theorem 3.3, then we obtain the following corollary.
Corollary 3.6. Let f, [ Té(a,a,O). Then, forA =201 =20;a0ON; alld; cOO —{0,—1—2,..};
0< <L nONg; and zOU
2
‘aza4 - as‘ <l
Incidentally, the result in corollary 3.6 coincides witiat of Janteng [18], Theorem 3.1.
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