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Abstract 
 

Let S denote the class of analytic functions normalized and univalent in the open unit disk. 

{ }1||: <= zzU . The prime focus of the present paper is to obtain sharp upper bounds for the functional 
2

12 ++ − αα µaa  and 2
231 +++ − ααα aaa  for functions belonging to the class ),,,,( lcaTn λβα . 
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1 Introduction 
 
Let A denote the class of analytic functions of the form: 
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in the unit disk { }1||: <= zzU   and normalized with 01)0()0( =−′= ff . Also, we denote the 

subclass of A consisting of univalent functions )(zf  in the unit disk U by S. Now, the following classes of 
analytic functions shall be recalled. 
 

Let Af ∈ . Then, *Sf ∈  if and only if 
 

Uz
zf

zfz ∈>






 ′

ℜ ,0
)(

)(
.                                            (2) 

 

This is called the class of starlike functions. Also, let Af ∈ . Then Cf ∈  if and only if 
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This is referred to as the class of convex functions. These two classes have been widely studied by various 
authors such as [1-4] to mention but few (see also [5]). The theory of analytic functions has wide application 
in many physical problems such as fluid flows, heat conduction, aerodynamics and so on.  
 

Now, let )(αA  denote the class of functions of the form: 
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which are analytic and α -valent in the open unit disk U. Suppose that we define the α-modified Catas 

derivative operator ),( lI n λα as follows: 
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and in general 
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UzandNNnl ∈∈∈≥≥ αλ ;;0;0 0 . 

 
By specializing the parameters involved in (9), various derivative operators (known and new) are obtained 
(see [6-10] among others). 
 

Let us also define the function );,( zcaαϕ  by  
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{ } UzandcaN ∈−−−ℜ∈ℜ∈∈ ,...2,1,0;;α , where ka)(  is the Pochhammer symbol defined by 
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With the aid of (9) and (10), we define a linear operator 
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Remark 
 

For 1=λ , 0== ln  and 1=α  operator (13) cracks down to Carlson-Shaffer operator(see [11]), and also 
for different values of the parameters involved the operator in (13) reduces to the likes of the Saitoh operator 

[12] and recently the Mahzoon-Lotha [13] operator. In particular, if 1,1 == αλ  and ca =  we have the 
celebrated Salagean derivative operator. However, our prime focus is to examine the coefficient bound, 
Fekete-Szego problem and the second Hankel determinant for functions in the analytic class 

l).,,c,(a,Tn λβα   
 
With this in mind, we define the following class of analytic functions. 
 

Suppose that the function )(zfα  is of the form (4). Then ),,,,()( lcaTzf n λβα
α ∈  if it satisfies the 

condition that: 
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{ } UzandcaN ∈<≤−−−ℜ∈ℜ∈∈ 10,,...2,1,0;; βα . 
 

Noonan and Thomas [14] stated the thq   Hankel determinant for 1≥q  and 1≥n  as 
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This determinant has been repeatedly investigated by several authors and researchers (see [15-17, 1, 18-20]). 
 

In particular, one can observe that the Fekete and Szego functional is ).1(2H  Fekete and Szego [1] then 

further generalized the estimate 2
23 aa µ−  where µ  is real and Sf ∈ . 

 
Also, for the purpose of the present investigation we consider the second Hankel determinant in which 

2=q  and 2=n , such that 
 

N
aa
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32
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2 Preliminary Results 
 
Let Ρ  (Class of Caratheodory functions) be the family of all functions p analytic in U for which ,1)0( =p

{ } 0)( >ℜ zp  and 
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in the unit disk D (see [21]). 

Lemma 2.1 [21]. If Ρ∈p (class of Caratheodory functions), then 2|| ≤kp  for each ,...)2,1(, =kk . 

 
Lemma 2.2 [18]. If Ρ∈p , then 
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for some value of x, z such that 1||1|| ≤≤ zandx . 

 

3 Main Results 
 
Theorem 3.1.  Let ),,,,()( lcaTzf n λβα
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Proof: Supposing ),,,,()( lcaTzf n λβα
α ∈ , then we have that 
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where p(z) is as defined in (15). This implies that  
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and this ends the proof of theorem3.1. 
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Proof: The proof follows immediately from (18) and (19). 
 
Next, we proceed to the Hankel determinant. 
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Assuming that ],2,0[1 ∈= pandpp  using triangular inequality and 1|| ≤z , we obtain 
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Hence, from (23), we obtain our desired result. Finally, with various choices of parameters involved, several 
results (known and new) are obtained. Few of them are given below. 
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Suppose that 1=α  in theorem 3.3, then we obtain the following corollary. 
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n λβα ∈f  Then, for { };,...2,1,0;;0;0 −−−ℜ∈ℜ∈≥≥ calλ  

 

UzandNnN ∈∈<≤∈ ;;10; 0βα
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Also, if 1=α and 0=n in theorem 3.3, then we obtain the following corollary. 
 

Corollary 3.5. Let ).c,(a,T  1
0 βα ∈f  Then, for { };,...2,1,0;;;0;0 −−−ℜ∈ℜ∈∈≥≥ caNl αλ  

UzandNn ∈∈<≤ ;;10 0β
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Finally, suppose that , 0== βn and ca =  in theorem 3.3, then we obtain the following corollary. 
 

Corollary 3.6. Let ).0a,(a,T  1
0∈αf  Then, for { };,...2,1,0;;;0;0 −−−ℜ∈ℜ∈∈≥≥ caNl αλ  

UzandNn ∈∈<≤ ;;10 0β
 

 

.12
342 ≤− aaa

 
 

Incidentally, the result in corollary 3.6 coincides with that of Janteng [18], Theorem 3.1. 
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