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Abstract

For function F, ,(2) of Bazilevic type, initial coefficient$a;,, (@) [, | @;.,(a) |and| @;,5(a@) [for
certain generalized class of analytic functions involMowgjstic sigmoid function are obtained. Furth
the Fekete-Szego function}ataj+2 (a) —,Llaj2+1(a’)| is also considered for functions belonging to the
said class of analytic functions. Several other redoltow as simple consequences.
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1 Introduction

The theory of analytic functions has wide application imynahysical problems such as in heat conduction,
electrostatic potential and so on. So also is the thempedfial function such as sigmoid functions.

Conventionally, it is believed that activation function is aforimation process that is inspired by the way
nervous system like brain, process information. In féctis composed of large number of highly
interconnected processing element (neurons) working to solviingedeask. This function works in similar
way the brain does. The most widely used sigmoid functidmeisogistic function which has a lower bound
of zero (0) and upper bound of one (1).

Many sigmoid functions have power series expansion whiehnalte in sign while some have inverse with
hypergeometric series expansion. They can be evaluatecediffeespecially by truncated series expansion.
The logistic sigmoid function is defined as

1
l1+e™

:l+lz—iz3+i25 (1.2)
2 4 48 48(

9(29) =

and has the following properties:

(i) It outputs real number between 0 and 1

(i) It maps a very large input domain to a small rangeutfuds

(i) It never loses information because it is a one-to-one famcti

(iv) It increases monotonically.
In view of the above properties sigmoid function is highly reteimegeometric Function Theory (See [1]).
Let A denote the class of functions of the form

f(z)=z+ iakzk zOD (1.2)

k=j+1
which are analytic in the open unit di§R ={Z;| Z| <]}and normalized by

f(2) = £1(0)-1= 0. Also, letS denote the subclass Afthat are normalized and univalentDn Now,
for function f (2) of the form (1.2), one can write that

(27 =27+ Y aa)z™" a>0, zOD (1.3)
k=j+1
Using Salagean derivative operator [2], one can equally thdte
D"f(2)" =a"z" + > (a +k-D)"a, (a)2"** a>0, zOD (1.4)
k=j+1

In 1992, Abdulhalim [3] introduced a generalization of cert&mily of Bazilevic functions satisfying
inequality
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De{%} >0, a>0, zOD. (1.5)
z

where the paramete® and the operatoDn is the famous Bagean derivative operator [2] defined by
D"f(2)=D(D"*f (2)) = z(D"™f (2))' are defined as earlier. He denoted this class of functigns

Bn ((J) . Itis easily seen that his generalization has extiigincluded analytic functions satisfying

D%ﬂ?%nzDD (L.6)
Z

which largely non-univalent in the unit disk. By proving the istn
B..(a) U B,(a). 1.7)

In 1994, Opoola [4] further studied a more generalized foirifl.5) and denoted it an” (y) (Bazilevic
class of order gamma) such that

{%}NA a>0, zOD. (1.8)
V4
Recently, a little modification was made to (1.8) stiett
D%Eégg}>ﬂ a>0, zOD .
a'z

For the purpose of the present investigation Hegt, (Z) DTna be defined as follows

Fon(2)= z[1+ >.0,,3(a) Zk'l], jON (1.9)
k=j+1
where
(a+k—1)”
a,=l———| . (1.10)
’ a

Using (1.9), we give the following definition.
Definition:

Let F, ,(2)0 S50 (8.6,4, ) then,
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el i+ 07) e’ 7F; (2)) +(20° - o)z [(F;,n(Z))”]_ .
43 -0%)z+(20% - 3)zF, . (2) + (202 -3 +1F, . (2)
(1.11)
> 51+ 5°) e 2F; . (2) +(20* - O)[F,..2) ]

40-0%)z+(20° - 3)F, (2 +(20° ~30+1F, .(2)

for@>0, 320 0<5<] A=1-1<y<1 nON, =NO{0}, n= jand0s0<g.

It is observed thaTS(‘,’y'y“(/],H,a, j) =S Z:;()I,H,a, j)ﬂT,whereT is the subclass of S consisting of

functions of the form

Fon(2)=2- > az", a, >00j+1. (1.12)

k=j+1

With various choices of parameters involved, several agbek of analytic functions (known and new) are
obtained. Few of them are given below:

1 Let F,(20S:9(B8,6,4,]). Then,

et

Fio(2)
which is thed —pseudo-spiralike class of ordgr.

2. Let F,,(20S3%(8.0.4,]). Then,

z(Flf o (z))” z(Fi . (z))”
oo AR

which is thed —pseudo-starlike class of ordgr.

3. LetF,,(20S3%(8,01 j). Then,

{4 o

I:1,0 (Z)
which is thestarlike class of orde)y .
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4. LetF, ,(20S(001, ). Then,

AR

i >O
Fio(2)

which is theconvex class of ordégr.

5. Let F,,(205:%(8,6,2,]). Then,

oo 2 oA (oo
lO 10

which is the product of a combination of geometric expoasiir bounded turning function anspiralike
class of ordely.

6. LetF,,(20S5)(8.,0.2,]). Then,

- (Fc?n(Z)-Z(L"(Z)) —VJ > (F;,n(z).M —1}

Fio (2 Fio (2)

which is the product of a combination of geometric expressiodanded turning function anstarlike
class of ordely.

Remark A:

By careful selection of the values for the parameters iegobeveral interesting subclasses known and new
are obtained (see [5,6,7,8,9,10,11,12,13]).

The primary aim of the present paper is to investigateeiladionship between sigmoid function and certain
generalized class of analytic functions in terms of fa@ehts bounds. The paper further examines the
Fekete-Szego problem involving this generalized classigntbgl function.

2 Main Results

Lemma (2.1) Let g be sigmoid function of the form (1.1). Then, §tz) = 29(2) such that

A2) = 1+Z(2k) { (i '“Jk. (2.1)

k=1

Theng(z) 0P, |z|<1 whereP is the class of Caratheodory functions ag{) denotes the celebrated
sigmoid function (see [14]).



Olusegun and Adekunle; ARJOM, 5(3): 1-11, 2017ickrino.ARJOM.33819

Lemma (2.2) Let

0

Az) =1+ Z - {i( 2 ijk (2.2)

Then, |@(z)| < 2 (see [14)).

Lemma (2.3) Let ¢(2) (OP and is starlike, then it is a normalized univalent functibthe form(1.2) (see
(1]).
Remark B:

Suppose that k = 1 and also gz) =1+ Z:Crnzm

m=1

_(pm™ _
whereC = , then|Cm| <2, m=12...
2m

This result is the best possible (see [14]).

Theorem (2.4): LetF, .(2)0 S5} (qo, B,6,A, j) Then,

lay.,(a)| < S'V'%a?ji 23)
for a>0A21 200<5<Ln0Ny,n2j,0< ‘9<%,wherean,m :(a; Jj
M, = A +3)(e° + i(20% - 3))-e°(1- B)((j +1)(25° - 9) + 26 ~35 +Yana
w=e°0-B)+(8-ya+s?)).
(1+52)w2{2((" +1)28" - ) + 26 -3 + 1M, | }
2, ()] < - (1+52)2(1‘§|3A(?;Z;J .++21)(252 =P -1)(j +1)? 2.4

where

M, = A(j +2)1+ 621~ B)(€° +(j +1)(25% - 8))-€’(1- B)((j +2)(20° - &) + 257 -3 +1),

a+j+1)"
Qe = (—Jj , Yand M, are as earlier defined.
' a
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3M,[(j +2)(207 - 8) + 20° —35+1]]
=3 +D(j+2)
2M,[(j +1)(25% - 8) + 257 ~35 +1]

aj+3(a)Szgh;5a)w e B0 gyl i - ) -A) o
3Unj+3 1 VW Vlg Uy 4 [e“9+(j+1)(252—5)]

~M, [+ 87)(j +2° (1 38 +24)

where
M, = A(j +3)1+32)(1- B)e” +(j +2)(20% - 3)|- € (- B)|(j +3)(25° - &)+ 267 -35 +1],
o _[a+ j+2

nj+3 =

n
j and{/,M,M , are as earlier defined.
Proof: LetF,  (z)O SJ) (8,0, , ). Then, by definition there exisﬁ(Z)D P such that

b o*)o- pevales ) + oo - o)) |
4o-0%)z+(20° - o)F, (2 +(20° 30 +1)F; () Lo )y-p)

[eig(l-ﬁ)+(,8—5)(1+ 52)] =¢(2) (2.6)

1+ 82)1- ﬁ){eigz(ﬁ;m @) + (o2 -8)2[[F: ) ]}

:{4(5—52)z+(252—6)zF;,n<z>}((1+ Yy p)+ W{eﬁ“’(l—ﬂ) D o

+(20% 35 +1)F. . (2) +(p-0)+05?)

where the functior¢(2) is the modified sigmoid function given by

— j j+ j+ j+ 779 j+
A2)=1+ 357 = 1547 + 1240?™" = Y54 oomeZ 28

Equating the coefficients of the like powerstjf, Zj+l, 22 and 2'*2 in the series expansion of (2.7),
then

(1+-52)(1_'B).[ei9 P10 | = Lpeer) €GP 2.9)
—e?(1- p)(j +1)(20% - 3) + 262 -35 +1] " (8- )+ o?)
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A+ %) (1= B)(j + )¢ +(j +1)(25° - 9)]
_iofq_ (j +2)(20% -9) Q428 j42(Q)
el 'B)Lzaz—saﬂ }

(j +1)@02 - 3)

:%[eig(l_ﬁ) +(ﬁ_5)(1+52)]|:+ 252 -30+1

:|an,j+1a'n,j+1 (0') (2-10)
- @+ )= AN+ 2D 4 4920 - s ala(@)

A(j +3)a+ 32)a- B)e? +(j +2)(262 - 3]

. 252 - n, j+3%n,j+3

= %[eie(l—ﬂ) + (8- )+ 32)(j +2)20% - 5) + 267 -35+1]an,,~+2aj+2(a) (2.11)

—Z—il(1+62)[e‘9(1—ﬁ) +(B-P)(] *"2)]‘%(

_/1(/1 - )(J +1)(] +2)an,j+1 Q2 aj+1(a) aj+2(a)

: 3
J + 1) ar?,j+1aj3+1 (O’)

Thus, the inequalities (2.3), (2.4) and (2.5) follow redpelyt, from (2.9), (2.10) and (2.11) and this
completes the proof of theorem (2.4).

Corollary 2.5: Let Fa’n(Z)D S&?,((D,O, oA, j) Then,

€° -2 RIAG +D -1-(F - 1) (j +1)?)
e (1(j +1 -1 [(A(j +2) 1)

S | eiH _y
2e°[(A(j +1 -1’

A, j2| =

and

B 1A +D -1~ (j +D(j +2 (2 - 1)
€ - P> @G+ -1 +° (- 1)
(€ -) ~(J+D3[A(] +2) [P 38 +24]

240G +9-1]" ade’ (0 +9 -3 (G +2 -0 +9 1)

A
Corollary 2.6: Let Fayn(Z)D S&j(qo,0,0,A , J) Then,

L -G+ -1 - (P - A)(i +1°)
g+ -1 (A +2 -1)

1-y
(G +y -2’

<

Aj j+2
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and

BIAG+D -1~ (i +D(j +2 (# - 1)
-9 RIAG +D -1-( +D2 (- 1)
. Q- =(J+D’[A(] +2) -1 [ -34 +24]
“2d0G+9-1 ad0G+0-F[G+2-MOG+3-1]

Corollary 2.7: Let Fa’n(Z)D S&‘;(go,o,o,/] ,1). Then,

j+3

1-y @-y)?(a1-22 -1)
/< 224 -1) ad< 424 -1 (31-1)
and
<N, (1-y)° (241" ~80F° +84#* - 281 + 3]
17 24(42-1) 2420 -1 (31 -)(ar-1)

Incidentally, this result in (2.7) coincides with that of Mgusundaramoorthy and Janani [9].

Corollary 2.8: Let F, ()0 Séj?,((ﬂ ,0,0,1,1). Then,

1-y
2

ja,| =

1 1
|a2|s§ : |a3|s§, la,| s —.

Corollary 2.10: Let F, | (20 S&S (qa ,0,0,2,1). Then,

N 1

<t L Jays =, fals .
6 18C 84C

Theorem (2.11): LetF, (20 S5 (¢, 5,6,1, j) Then,

2((j +1)26? - 8) + 26? 35 +IM,

o, (L+02)y —AA-D(+DPA+ ) A=) |an ] (212)
)R S a7 L6 1+ 00287 -0)

-2uM, a

n,j+2



Olusegun and Adekunle; ARJOM, 5(3): 1-11, 2017ickrino.ARJOM.33819

fora>0A21 >00<0<] nDNO,an,Os6'<g,Wherea’ ¢ ,M,andM,, are as

n,j+1?

earlier defined.

Proof: Using (2.9) and (2.10), the result is immediate.

Corollary (2.12): LetF, ()0 Séj?,((ﬂ,o, oA, J) Then,

(€7 = 9)?{RIAG +D -1 - (j +D2 (2 - 1)) - 2u[A(j + 2) -1]
8¢ 2°[A(j +1) -12[A(j + 2 -1]

ay,,(a) - 1, (a)| <

Corollary (2.12): LetF, ()0 Séj?,((0,0,0,/] ,1). Then,

Q-p)? [4r-202-1_
424 -1%| 31-1

‘as - /Jag‘ <
Incidentally, this result in (2.12) coincides with thatdirugusundaramoorthy and Janani [9].

Corollary (2.13): LetF, (2)0 Ség (40 ,0,0,1,1) . Then,

o, - | S-24].
If U= 1 in corollary 2.13 above, then
& - @3] < %
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