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Abstract

We have two concepts of Douglas spaces and Landsberg spaces as generalizations of Berwald
spaces. S. Bacso [1] gave the definition of a weakly-Berwald space as another generalization of
Berwald spaces. In 1972, M. Matsumoto has introduced the concept of (α, β)-metric, which is a
Finsler meric, contstructed from a Riemannian metric and a differential 1-form. In this paper,

we study an important class of (α, β)-metrics in the form L = α+ β + β2

α
+ β3

α2 , known as second
approximate Matsumoto metric on an n-dimensional manifold and get the conditions for such
metrics to be weakly-Berwald metrics, where α =

√
aijyiyj is a Riemannian metric and β = biy

i

is a 1-form. A Finsler space with an (α, β)-metric is a weakly-Berwald space, if and only if
Bm

m = ∂Bm/∂ym is a 1-form. We show that it becomes a weakly Berwald space under some
geometric and algebraic conditions.
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1 Introduction

Let Mn be an n-dimensional differential manifold and let Fn = (Mn, L) be an n-dimensional Finsler
space where L is a fundamental function. Let gij = ∂̇i∂̇jL

2/2 be the fundamental tensor, where the
symbol ∂̇i means ∂

∂yi and we define Gi as

Gi = {yr(∂r∂̇iL
2)− ∂iL

2}/4,

and Gi = gijGj where the symbol ∂i means ∂
∂xi and (gij) is the inverse matrix of (gij). The

coefficients (Gi
jk, G

i
j) of the Berwald connection BΓ are defined as Gi

j = ∂̇jG
i and Gi

jk = ∂̇kG
i
j .

A Berwald space is a Finsler space which satisfies the condition Gh
ijk = 0, that is to say, whose

coefficients Gh
ij of the Berwald connection are functions of the position (xi) alone. Therefore the

equations yrG
r
ijk = 0 hold, so 2Gi = Gi

rsy
rys are homogeneous polynomials in (yi) of degree two,

so Dij = Giyj −Gjyi are homogeneous polynomials in (yi) of degree three. Then we can consider
the notions of Landsberg spaces and Douglas spaces as two generalizations of Berwald spaces. The
notion of weakly-Berwald spaces is the third generalization of Berwald spaces. Thus if a Finsler
space satisfies the condition Gij = 0, we call it a weakly-Berwald space.

The concept of an (α, β)-metric on a Finsler space Fn = (Mn, L) was introduced by M. Matsumoto
in [2] and has been studied by many authors [3], [4], [5], [6]. Some important examples of (α, β)-

metric are Randers metric (L = α+ β), Kropina metric

(
L =

α2

β

)
, generalized Kropina metric(

L =
αm+1

βm

)
, (m ̸= 0,−1), and Matsumoto metric

(
L = α2

α−β

)
. The study of Finsler spaces with

these metrics has greatly contributed to the growth of Finsler geometry and its applications to the
theory of Relativity and allied areas.

Definition 1.1. A Finsler metric L(x, y) is called an (α, β)-metric if L is a positively homogeneous
function of α and β of degree one, where α2 = aij(x)y

iyj is a Riemannian metric and β = bi(x)y
i

is a 1-form on Mn.

S. Bacso [1] introduced the notion of weakly-Berwald space as another generalization of Berwald
spaces. IL-Yong Lee and Myung-Han Lee [7] have studied weakly Berwald spaces with special (α, β)-
metrics. In this paper we extend the study on weakly Berwald spaces with second approximate
Matsumoto metric.

Let Fn = (Mn, L) be a Finsler space of dimension n, and the domain of the fundamental metric
function L(x, y) is the set of TM \(0) of the non- zero tangent vectors. We assume that L is positive

and the fundamental metric tensor gij(x, y) =
1

2
L2

(i)(j) (where (i) :=
∂

∂yi
) is not necessarily positive

definite.

The equation of the (canonically parametrized) geodesics of Fn is given by

d2xi

dt2
+ 2Gi(x, y) = 0,

(
dxi

dt
= yi

)
,

2
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where

Gi =
1

2
gir

(
ys ∂L

2
r

∂xs
− ∂L2

∂xr

)
.

The Berwald connection of the space is defined by its connection coefficients Gi
jk(x, y) which can

be computed from Gi according to the following formula:

Gi
j(x, y) = Gi

(j); Gi
jk(x, y) = Gi

j(k).

Definition 1.2. A Finsler space is called Berwald space, if Gi
jk are functions of position alone, i.

e., Berwald connection BΓ is linear.

A Finsler space is called a weakly Berwald space if the (hv)-Ricci curvature tensor Gjk = 0. The
spray function Gi of a Finsler space with an (α, β)-metric are given by 2Gi = γi

00 + 2Bi, where
γi
jk stands for the Christoffel symbols in the associated Riemannian space (Mn, α).Then we have

Gi
j = γi

0j +Bi
j and Gi

jk = γi
jk +Bi

jk, where ∂̇jB
i = Bi

j and ∂̇kB
i
j = Bi

jk. Thus a Finsler space with
an (α, β)-metric is a weakly-Berwald space, if and only if Bm

m = ∂Bm/∂ym is a one-form.

Recently, S. Bacso and B. Szilagyi [1] gave an example for the weakly Berwald Finsler space, and
a sufficient condition for the existence of a weakly Berwald Finsler space of Kropina type was
also determined. Recently, S. Bacso and R. Yoshikawa [8] investigated the conditions for Randers
and Kropina spaces to be weakly-Berwald spaces. R. Yoshikawa and K. Okubo [9] obtained the
conditions for generalized Kropina spaces and Matsumoto spaces to be weakly-Berwald spaces
and Berwald spaces. In [10], it has been shown under which condition a Finsler space with first
approximate Matsumoto metric becomes a weakly Berwald space. In this paper, first we discuss the
conditions for the Finsler space Fn with an (α, β)-metric to be a weakly-Berwald space and then we

find the conditions for Finsler space with second approximate Matsumoto metric L = α+β+ β2

α
+ β3

α2

to be weakly-Berwald space.

2 Weakly-Berwald Space with Respect to (α, β)-metric

In the present section, we deal with the condition that a Finsler space with an (α, β)-metric be a
weakly-Berwald space.

Let Fn = (Mn, L) be an n-dimensional Finsler space equipped with (α, β)-metric L(α, β), where
α =

√
(aij(x)yiyj) is a Riemannian metric and β = bi(x)y

i is a 1-form. In this paper, the symbol
(; ) stands for h-covariant derivation with respect to the Riemannian connection in the associated
Riemannian space (Mn, α) and γi

jk stands for the Christoffel symbols in the space (Mn, α).
We use the following notations [8]

(a) bi = airbr, b2 = arsbrbs,

(b) 2rij = bi;j + bj;i, 2sij = bi;j − bj;i,

(c) rij = airrrj , sij = airsrj , ri = brr
r
i , si = brs

r
i .

We now consider the function Gi(x, y) of Fn with an (α, β)-metric. According to [11], they are
written in the form

2Gm = γm
00 + 2Bm,

Bm =
E∗

α
ym +

αLβ

Lα
sm0 − αLαα

Lα
C∗

(
1

α
ym − α

β
bm

)
, (2.1)

where we have put

E∗ =

(
βLβ

L

)
C∗, C∗ =

αβ(r00Lα − 2αs0Lβ)

2(β2Lα + αγ2Lαα)
, γ2 = b2α2 − β2, (2.2)

3
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and

Lα =
∂L

∂α
, Lβ =

∂L

∂β
, Lαα =

∂2L

∂α2
, Lαβ =

∂2L

∂α∂β
, Lααα =

∂3L

∂α3
. (2.3)

Since γi
00 = γi

jk(x)y
jyk are homogeneous polynomials in (yi) of degree two, it is obvious that

a Finsler space with an (α, β)-metric is a Berwald space, if and only if Bm are homogeneous
polynomials in (yi) of degree two and Berwald connection BΓ is linear.

Differentiating (2.1) with respect to yn and contracting m and n in the obtained equation, we have

Bm
m =

{
˙∂m

(
βLβ

αL

)
ym +

nβLβ

αL
− ∂̇m

(
αLαα

Lα

)(
βym − α2bm

αβ

)}
C∗

− αLαα

Lα

{
∂̇m

(
1

α

)
ym +

1

α
δmm − ∂̇m

(
α

β

)
bm

}
C∗ + ∂̇m

(
αLβ

Lα

)
sm0

+

(
βLαLβ − αLLαα

αLLα

)(
∂̇mC∗

)
ym +

(
α2Lαα

βLα

)(
∂̇mC∗

)
bm. (2.4)

Since L = L(α, β) is a positively homogeneous function of α and β of degree one, we have

Lαα+ Lββ = L, Lααα+ Lαββ = 0,

Lβαα+ Lβββ = 0, Lαααα+ Lααββ = −Lαα.

Using the above relations and the homogeneity of (yi), we obtain the following equations

∂̇m

(
βLβ

αL

)
ym = −βLβ

αL
, (2.5)

∂̇m

(
αLαα

Lα

)(
βym − α2bm

αβ

)
=

γ2

(βLα)2
{
LαLαα + αLαLααα − α(Lαα)

2} , (2.6){
∂̇m

(
1

α

)
ym +

1

α
δmm − ∂̇m

(
α

β

)
bm

}
=

1

αβ2

(
γ2 + (n− 1)β2) , (2.7)(

∂̇mC∗
)
ym = 2C∗, (2.8)

(
∂̇mC∗

)
bm =

1

2αβΩ2

(
Ω

(
β(γ2 + 2β2)W + 2α2β2Lαr0−

αβγ2Lααr00 − 2α(β3Lβ + α2γ2Lαα)s0

)
−

α2βW
(
2b2β2Lα − γ4Lααα − b2αγ2Lαα

))
, (2.9)

∂̇m

(
αLβ

Lα

)
sm0 =

α2LLααs0
(βLα)2

, (2.10)

where

W = (r00Lα − 2αs0Lβ),Ω = (β2Lα + αγ2Lαα), (Ω ̸= 0) (2.11)

Yi = airy
r, s00 = 0, brsr = 0, aijsij = 0.

Substituting (2.2), (2.3), (2.5), (2.6), (2.7), (2.8), (2.9) and (2.10) into (2.4), we get

Bm
m =

1

2αL(βLα)2Ω2
{2Ω2AC∗ + 2αLΩ2Bs0 + α2LαLαα(Cr00 +Ds0 + Er0)}, (2.12)

4
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where

A = (n+ 1)β2Lα(βLαLβ − αLLαα) + αγ2L(α(Lαα)
2

− 2LαLαα − αLαLααα),

B = α2LLαα,

C = βγ2 (−β2(Lα)
2 + 2b2α3LαLαα − α2γ2(Lαα)

2 + α2γ2LαLααα

)
,

D = 2α(β3(γ2 − β2)LαLβ − α2β2γ2LαLαα

− 2αβγ2(γ2 + 2β2)LβLαα − α3γ4(Lαα)
2 − α2βγ4LβLααα),

E = 2α2β2LαΩ. (2.13)

Summarizing up the above, we have the following

Theorem 2.1. The necessary and sufficient condition for a Finsler space Fn with an (α, β)-metric
to be a weakly-Berwald space is that Gm

m = γm
0m + Bm

m and Bm
m is a homogeneous polynomial in

(ym) of degree one, where Bm
m is given by (2.12) and (2.13), provided that Ω ̸= 0.

Lemma 2.2. If α2 ≡ 0(mod, β), that is, aij(x)y
iyj contains bi(x)y

i as a factor, then the dimension
n is equal to 2 and b2 vanishes. In this case we have 1-form δ = di(x)y

i satisfying α2 = βδ and
dib

i = 2.

3 Finsler Space with Second Approximate Matsumoto
Metric

In the present section, we consider the condition that the Finsler space with second approximate
Matsumoto metric be a weakly-Berwlad space.

Let us consider a Finsler space Fn = (Mn, L) with second approximate Matsumoto metric

L(α, β) = α+ β +
β2

α
+

β3

α2
. (3.1)

We now find the conditions for Fn with (3.1) to be a weakly-Berwald space. For Fn with (3.1), we
have

Lα =
α3 − αβ2 − 2β3

α3
, Lβ =

α2 + 2αβ + 3β2

α2
,

Lαα =
2β2(α+ 3β)

α4
, Lααα = −6β2(α+ 4β)

α5
. (3.2)

Substituting (3.2) into (2.1), we get

Bm =
r00(α

3 − αβ2 − 2β3)− 2s0α
2(α2 + 2αβ + 3β2)

(α3 − αβ2 − 2β3) + 2(b2α2 − β2)(α+ 3β)((
(α2 + 2αβ + 3β2)

2(α3 + α2β + αβ2 + β3)
− β(α+ 3β)

(α3 − αβ2 − 2β3)

)
ym (3.3)

− α2(α+ 3β)

(α3 − αβ2 − 2β3)
bm

)
+

α2(α2 + 2αβ + 3β2)

(α3 − αβ2 − 2β3)
sm0 .

5
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Again, substituting (3.2) into (2.2), (2.11), and (2.13) in respective quantities, we obtain

A = (n+ 1)
β3

α8
(α3 − αβ2 − 2β3)(α5 − 6α3β2 − 12α2β3 − 15αβ4 − 12β5)

+ 2
β2

α8
(b2α2 − β2)(α3 + α2β + αβ2 + β3)(α4 + 6α3β + α2β2 + 4αβ3 + 6β4),

B = 2
β2

α4
(α+ 3β)(α3 + α2β + αβ2 + β3),

C =
β3

α6
(b2α2 − β2)

(
(4b2 − 1)α6 − 12b2α5β − 2(4− b2)α4β2

− 4(2b2 + 5)α3β3 + 3(36b2 − 1)α2β4 + 16αβ5 − 16β6

)
,

D = 2
β3

α4

(
b2(1 + 2b2)α7 + 12b4α6β + 2(3b4 − 8b2 − 1)α5β2

− 2(33b2 + 1)α4β3 + (36− 41b2)α3β4

+ 2(29− 33b2)α2β5 + 82αβ6 + 72β7

)
,

E = 2
β4

α4

(
(1 + 2b2)α6 + 6b2α5β − (2b2 + 4)α4β2 − 10(b2 + 1)α3β3

− 3(4b2 − 1)α2β4 + 14αβ5 + 16β6

)
, (3.4)

W =
r00(α

3 − αβ2 − 2β3)− 2α2s0(α
2 + 2αβ + 3β2)

α3
,

Ω =
β2

α3

(
α3(1 + 2b2) + 2b2α2β − 3αβ2 − 8β3

)
,

C∗ =
α

2β

(
r00(α

3 − αβ2 − 2β3)− 2s0α
2(α2 + 2αβ + 3β2)

(α3 − αβ2 − 2β3) + 2(b2α2 − β2)(α+ 3β)

)
,

E∗ =
α(α2 + 2αβ + 3β2)

2(α3 + α2β + αβ2 + β3)(
r00(α

3 − αβ2 − 2β3)− 2s0α
2(α2 + 2αβ + 3β2)

(α3 − αβ2 − 2β3) + 2(b2α2 − β2)(α+ 3β)

)
,

Substituting (3.4) into (2.12), we get

2Bm
m

(
(1 + 2b2)2α15β + a1α

14β2 + a2α
13β3 − a3α

12β4 − 2a4α
11β5

+ 2a5α
10β6 + 2a6α

9β7 + 2a7α
8β8 + a8α

7β9 + a9α
6β10 + a10α

5β11

+ a11α
4β12 + 40(19− 26b2)α3β13 + 12(83− 32b2)α2β14 + 704αβ15 + 256β16

)
− r00

(
12b4α15 + a12α

14β + 2b2a13α
13β2 + a14α

12β3 + 2a15α
11β4 + 2a16α

10β5

+ 2a17α
9β6 + 2a18α

8β7 + 4a19α
7β8 + a20α

6β9 + 2a21α
5β10 + a22α

4β11

+ 2a23α
3β12 + 2a24α

2β13 − 160αβ14 − 192β15

)

6
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− 2s0

(
a25α

15β + 2a26α
14β2 + a27α

13β3 + 2a28α
12β4 + 2a29α

11β5

+ 2a30α
10β6 + 2a31α

9β7 + 6a32α
8β8 + a33α

7β9 + 2a34α
6β10 + a35α

5β11

+ 6a36α
4β12 − 1384α3β13 − 864α2β14

)
− 2r0

(
2(1 + 2b2)α15β + 4(7b2 + 2)α14β2 + 2(28b2 − 1)α13β3

− 8(b2 + 7)α12β4 − 4(44b2 + 29)α11β5 − 12(32b2 − 3)α10β6

+ 4(−46b2 + 63)α9β8 + 4(50b2 + 87)α8β8 + 2(334b2 − 17)α7β9

+ 4(133b2 − 30)α6β10 + 6(64b2 − 95)α5β11 + 8(18b2 − 91)α4β12

− 640α3β13 − 192α2β14

)
= 0, (3.5)

where

a1 = (28b4 + 16b2 + 1), a2 = (56b4 − 4b2 − 7),

a3 = (8b4 + 112b2 + 27), a4 = (88b4 + 116b2 + 3),

a5 = (51− 16b2 − 152b4), a6 = (109 + 252b2 − 92b4),

a7 = (33 + 464b2 + 60b4), a8 = (428b4 + 628b2 − 355),

a9 = (532b4 − 240b2 − 699), a10 = (384b4 − 1140b2 − 515),

a11 = (144b4 − 1156b2 + 105), a12 = (48b4 + 8b2 + 2b2n+ n+ 1),

a13 = (22b2 − 10 + 3n), a14 = (8b4 − 120b2 − 16b2n− 11n− 17),

a15 = (78b4 − 26b2 − 40b2n− 8n− 1), a16 = (412b4 − 50b2n+ 11n+ 79),

a17 = (294b4 − 17b2 + 34b2n+ 44n+ 168),

a18 = (−324b4 − 250b2 + 196b2n+ 41n+ 95),

a19 = (−562b4 + 87b2 + 138b2n− 18n− 91),

a20 = (1952b4 + 1356b2 + 310b2n− 247n− 835),

a21 = (−1320b4 + 164b62− 237b62n− 168n− 468),

a22 = (−1440b4 + 2216b2 − 840b2n+ 201n− 557),

a23 = (1064b2 − 372b2n+ 156n− 33),

a24 = (672b2 − 144b2n+ 36n− 16),

a25 = (−4b2 − 2b2n− n+ 1), a26 = (−8b2 − 5nb2 − n+ 1),

a27 = (−24b4 − 96b2 − 4b2n+ 7n+ 11),

a28 = (−12b4 − 180b2 + 40b2n+ 17n+ 11),

a29 = (−555b4 − 280b2 + 142b2n+ 23n+ 63),

a30 = (587b4b4 − 387b2 + 222b2n− 18n+ 298),

a31 = (−334b4 − 854b2 + 108b2n− 105n+ 467),

a32 = (−12b4 − 79b2 − 88b2n− 29n+ 193),

7
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a33 = (72b−564b2 − 1386b2n− 117n+ 13),

a34 = (−214b2 − 849b2n+ 147n− 1903),

a35 = (−312b2 − 1188b2n+ 603n+ 631), a36 = (−72b2n+ 87n− 304).

Now we assume that Fn is a weakly Berwald space, then Bm
m is hp(1). Since α is irrational in (yi),

the equation (3.5) is divided into two equations as follows,

β2Bm
mF1 + βr00G1 + α2β2s0H1 + α2β2r0I1 = 0, (3.6)

αβBm
mF2 + αr00G2 + α3βs0H2 + α3βr0I2 = 0, (3.7)

where

F1 = 2a1α
14 − 2a3α

12β2 + 4a5α
10β4 + 4a7α

8β6 + 2a9α
6β8

+ 2a11α
4β10 + 24(83− 32b2)α2β12 + 512β14,

F2 = 2a1α
14 + 2a2α

12β2 − 4a4α
10β4 + 4a6α

8β6 + 2a8α
6β8

+ 2a10α
4β10 + 80(19− 26b2)α2β12 + 1408b14,

G1 = −(a12αα
14 + a14α

12β2 + 2a16α
10β4 + 2a18α

8β6 + a20α
6β8 + a22α

4β10

+ 2a24α
2β12 − 192β14),

G2 = −2(6b4α14 + b2a13α
12β2 + a15α

10β4 + a17α
8β6 + 2a19α

6β8 + a21α
4β10

+ a23α
2β12 − 80β14),

H1 = −4(a26α
12 + a28α

10β2 + a30α
8β4 + 3a32α

6β6 + a34α
4β8 + 3a36α

2β10

− 432β12),

H2 = −2(a25α
12 + a27α

10β2 + 2a29α
8β4 + 2a31α

6β6 + a33α
4β8 + a35α

2β10

− 1384β12),

I1 = −8{(7b2 + 2)α12 − 2(b2 + 7)α10β2 − 3(32b2 − 3)α8β4

+ (50b2 + 87)α6β6 + (133b2 − 30)α4β8 + 2(18b2 − 91)α2β10 − 48β12},

I2 = −4{(1 + 2b2)α12 + (28b2 − 1)α10β2 − 2(44b2 + 29)α8β4

+ 2(−46b2 + 63)α6β6 + (334b2 − 17)α4β8

+ 3(64b2 − 95)α2β10 − 320β12}.

Eliminating Bm
m from these equations, we obtain

Rr00 + α2βS0 + α2βTr0 = 0, (3.8)

where

R = β2F2G1 − F1G2, S = F2H1 − F1H2, T = I1F2 − I2F1.

From (3.8),we get

(R/α2β)r00 + Ss0 + Tr0 = 0. (3.9)

Since only the term ϵ1α
26 of Ss0 in (3.9) does not contain β, we must have hp(26)V26, such that

α26s0 = βV26, (3.10)

where

ϵ1 = −4a1(a26 − a25).
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First consider that α2 ̸= 0(modβ) and b2 ̸= 0. (3.10) shows the existence of a function k(x)
satisfying V26 = kα26, and hence s0 = kβ, (3.9) reduces to

(R/α2β)r00 + Skβ + Tr0 = 0,

which implies that

Rr00 + Skα2β2 + α2βTr0 = 0.

Only the term −2a1α
28(a12 − 12b4)r00 of the above does not contain β. Thus there exist hp(29)U29

satisfying −2a1α
28(a12 − 12b4)r00 = βU29. It is a contradiction, which implies k = 0. Hence we

obtain s0 = 0; sj = 0. Therefore, (3.8) becomes

Rr00 + α2βTr0 = 0. (3.11)

Only the term 188416β28r00 of (34) seemingly does not contain α2, and hence we must have
hp(28)V28 such that β28r00 = α2V28. From α2 ̸= 0(modβ) there exist a function f(x) such that

r00 = α2f(x); rij = aijf(x). (3.12)

Transvecting above by biyj , we have

r0 = βf(x); rj = bjf(x). (3.13)

Substituting (3.12) and (3.13) into (3.11), we have

f(x)(R+ β2T ) = 0. (3.14)

Assume that f(x) ̸= 0, from (3.14) we get

R+ β2T = 0,

The term −2a1α
28(a12−12b4) of the above does not contain β. Thus there exist hp(27)V27 satisfying

−2a1α
28(a12 − 12b4) = βV27, where V27 is hp(27) this implies V27 = 0, provided that b2 ̸= 0. Hence

f(x) = 0 must hold and we obtain

r00 = 0; rij = 0 and r0 = 0; rj = 0.

Conversely, substituting r00 = 0, s0 = 0 and r0 = 0 into (3.5), we have Bm
m = 0, that is, the Finsler

space with (3.1) is a weakly-Berwald space.

On the other hand, if we suppose that the Finsler space with (3.1) is a Berwald space, then we have
r00 = 0, s0 = 0 and r0 = 0, because the space is weakly Berwald space from the above discussion.
Hence sij = 0 hold good.

Now consider α2 ≡ 0(modβ), Lemma (2.2) shows that n = 2, b2 = 0 and α2 = βδ, δ = di(x)yi.
From these conditions (3.8) is rewritten in the form

R
′
r00 + βδS

′
s0 = 0, (3.15)

9
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where

R
′
= a1a12β

14δ14 + (a1a14 + a2a12)β
15δ13 + (2a1a16 + a2a14 − 2a4a12

− 2a1a15)β
16δ12 + 2(a1a18 + a2a16 − a4a14 + a12a6 − a1a17 + a3a15)β

17δ11

+ (a1a20 + 2a2a18 − 4a4a16 + 2a6a14 + a8a12 − 4a1a19 + 2a3a17

− 4a5a15)β
18δ10 + (a1a22 + a2a20 − 4a4a18 + 4a6a16 + a8a14 + a10a12

− 2a1a21 + 4a3a19 − 4a17a5 − 4a7a15)β
19δ9 + (2a1a24 + a2a22 − 2a4a20

+ 4a6a18 + 2a8a16 + a10a14 + 760− 2a1a23 + 2a3a21 − 8a5a19 − 4a7a19

− 2a9a15)β
20δ8 + 2(−96 + a2a24 − a4a22 + a6a20 + a8a18 + a10a16 + 380a14

+ 352 + 80a1 + a3a23 − 2a5a21 − 4a7a19 − a9a17 − a11a15)β
21δ7 + (−192

− 4a4a24 + 2a6a22 + a8a20 + 2a10a18 + 1520a16 + 704a14 − 160a3 − 4a5a23

− 4a7a21 − 4a9a19 − 2a11a17 − 1992a15)β
22δ6 + (384a4 + 4a6a24 + a8a22

+ a10a20 + 1520a18 + 1408a16 + 320a5 − 4a7a23 − 2a9a21 − 4a11a19

− 1992a17 − 512a15)β
23δ5 + (−384a6 + 2a8a24 + a10a22 + 760a20

+ 1408a18 + 320− 2a9a23 − 2a11a21 − 3984a19 − 512a17)β
24δ4

+ (−a8 + 2a10a24 + 760a22 + 704a20 + 160a9 − 2a11a23 − 1992a21

− 1024a19)β
25δ3 + 8(−24a10 + 190a24 + 88a22 + 20a11 − 249a2

− 64a21)β26δ
2 + 128(105 + 11a24 − 4a23)β

27δ − 94208β28,

S
′
= (2a1a26 − a1a25)β

13δ13 + (2a1a28 + 2a2a26 − a1a27 − a3a25)β
14δ12

+ (2a1a30 + 2a2a28 − 4a4a26 − 2a1a29 + a3a27 − 2a5a25)β
15δ11

+ (6a1a32 + 2a2a30 − 4a4a28 + 4a6a26 − 2a1a31 + 2a3a29 − 2a5a27

− 2a7a25)β
16δ10 + (2a1a34 + 6a2a32 − 4a4a30 + 4a6a28 + 2a8a26

− a1a33 + 2a3a31 − 4a5a29 − 2a7a27 − a9aδ25)β
17δ9 + (6a1a36

+ 2a2a34 − 12a4a32 + 4a6a30 + 2a8a28 + 2a10a26 − a1a35 + a3a33

− 4a5a31 − 4a7a29 − a9a27 − a11a25)β
18δ8 + (−864a1 + 6a2a36

− 4a4a34 + 12a6a32 + 2a8a30 + 2a10a28 + 1520a26 + 1384 + a3a35

− 2a5a33 − 4a7a31 − 2a9a29 − a11a27 − 996a25)β
19δ7 + (−864a2

− 12a36a4 + 4a6a34 + 6a8a32 + 2a10a30 + 1520a28 + 1408a26 − 1384

− 2a5a35 − 2a7a33 − 2a9a31 − 2a11a29 − 996− 256a25)β
20δ6

+ (−4.432 + 12a6a36 + 2a8a34 + 6a10a32 + 1520a30 + 1408a28

+ 2.1384− 2a7a35 − a9a33 − 2a11a31 − 1992a29 − 256a27)β
21δ5

+ (−4.432 + 6a8a36 + 2a10a34 + 3.1520a32 + 1408 + 2.1384− a9a35

− a11a33 − 1992a31 − 512a29)β
22δ4 + (−864a8 + 6a10a36 + 1520a34

+ 3.1408 + 1384− a11a35 − 996a33 − 512a31)β
23δ3

+ (−864a10 + 1520.3a36 + 1408a34 + 1384a11 − 996a35 − 256a33)β
24δ2

+ (−432.1520 + 3.1408a36 + 996.1384− 256a35)β
25δ

− (608256− 354304)β26,
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Since only the term 94208β28 of R
′
r00 + βδS

′
s0 in (3.15) seemingly does not contain δ, we must

have hp(1)V1 such that r00 = δV1. We have s0 = 0; sj = 0, now (3.15) becomes

R
′
r00 = 0, (3.16)

which implies

r00 = 0; rij = 0 and r0 = 0; rj = 0.

Conversely from r00 = 0, r0 = 0 and s0 = 0 we have Bm
m = 0. Thus the space with (3.1) is

weakly-Berwald space. Thus we state that

Theorem 3.1. A Finsler space with the metric (3.1) is weakly Berwald space if and only if the
following conditions holds;

(1) α2 ̸= 0(modβ) implies rij = 0 and sj = 0.
(2) α2 ≡ 0(modβ) implies n = 2, b2 = 0 and rij = 0, sj = 0 are satisfied, where α2 = βδ, δ = diy

i.

4 Conclusion

In this paper we investigate a Finsler space, where the (hv)- Ricci tensor Gij vanishes, but the (hv)-
curvature tensor Gh

ijk is not necessarily equal to zero. The aim of this paper to give an example for
the so-called Weakly Berwald Finsler Space (WBFS), and a sufficient condition for the existence of
a WBFS of second approximate Matsumoto type is determined also.
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