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Abstract

In this paper, the Vaism-Gray manifolds with flat projective curvature tensor areestigated. It i
shown that which conditions are necessary for a Vaismag-@anifold with flat projective curvature
tensor is a nearly Kaehler (NK) manifold, a locally fmmal Kahler (LCK) manifold and an Einste
manifold. Finally, The relation between certain two spleclasses of almost Hermitian manifold with
respect to the projective tensor has been studied.
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1 Introduction

Differential geometry has a long history as field of neatlatics and yet its rigorous founda tion in the realm
of contemporary mathematics is relatively new. In padicualmost Hermitian manifold occupies an
important place in modern differential geometry. The motd almost Hermitian manifold is one of the
central concepts of modern mathematics and applicationsefohe, a great number of researches have been
devoted to study of such structures and used more than orte stagly this structure. One of these methods
that does not depend on manifold itself but on a principtéileer bundle of all complex frames which is
called the adjoined G-structure spdbg¢ We used this method to study the projective tensamnefmore
specific important class of the sixteen classes of dalmfesmitian manifoldwhich is Viasman-Gray
manifold (/G-manifold). This classdenoted by, ®W,, where W; is the nearly Kéhler manifoldVK -
manifold) andW, is the locally conformal Kahler manifold{K-manifold).

In 1994, Kirichenko and Shchipkova [9] studied the cléls®IW,under the name Viasman-Gray manifold.
They found its structure equations in the adjoiGestructure space. In 1996, Kirichenko and Eshova [8]
studied the conformal invariant of the claBspW,.

The constant type of Viasman-Gray manifold has been estuly Vanhecke and Bouten [15] and
Kirichenko [7]. For Viasman-Gray manifold, this notion regents a generalization of constant type of
nearly Kahler manifoldvhich is introduced by Gray [4]. In 2002, Ignatochkina [1Lidfed the geometric
meaning of flat conformal invariant classes of ViasmaayGnanifold. In particular, it has been proved that
VG -manifold of dimension greater thahwith J-invariant conformal curvature tensor is either local
conformal equivalent to theearly Kéhler manifoldor is local conformal Khler manifold.

There were many authors studied fliejectivetensor. Kirichenko [6] proved that projective-recurrgnt
space of dimension > 2 is local symmetric or local equivalent to the prodofcEuclidean space arid
dimensional Kahler manifold. Abood and Mohammed [1] proved dlabst Kihler manifold is a Khler
manifold if it is a projective parakler manifold.

2 Preliminaries

Let M be a2n-dimensionaln > 1) smooth manifold, and the(M) be module of smooth vector fields on
M, C*(M) be the set of smooth functions Mt

A pair{J,g = (-,")}equipped with smooth manifold is called almost Hermitian manifoldi K-manifold),

where J is an endomorphism of tangent spdigeM) with (]p)2 = —id andg =<.,.> is a Riemannian
metric onM such that it is compatible with almost complex structurld ¢4].

The basis ofy (M) given by the forrey, ..., &, &, ..., &} which called adapted basis, whé@f&M) is the
complexification of the tangent spatgM) at the pointp € M. The corresponding its complex frame is
{p, €1, .., &2, &, ..., & }. The G-structure space is the principle fiber bundle of all cemframes of manifold
M with structure group is the unitary groljgn). This space is called an adjoin@estructure space [5].

Suppose that the indicésj , k, I in the rangd,2, ...,2n and the indiceg, b, c,d, e, f in the rangd,,2, ...,n
andd = a +n.

In the adjoineds-structure space the components matrices of complex strycace Riemannian metrig
have the following forms:

N _ (V-1I, 0 (0 I,
(]J) - ( 0 _\/_—11n)'(gij) - <In O) y (21)

where I,, is the unit matrix of ordet [5].
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Definition 2.1 [3]. An AH —manifold is called/G-manifold, if in the adjoineds -structure space, the
following conditions satisfies:

Babc = g-bac - Babc — a[asf] :

An AH-manifold is called a locally conformal Kahler manifdd32°¢ = 0 andB?®?, = aladf], and is called
a nearly Kahler manifold iB¢?¢ = —Bb?a¢, b = ( ,

where B¢ =g][‘%’f] B = —gjgc and a =ﬁ6Fc]; F is a Kahler form which defined by

F(X,Y) =<]JX,Y >,§ is a codrivative and,Y € X(M)and the bracket [ ] denote to  the antisymmetric
operation.

Theorem 2.2 [9]. In the adjoined>-structure space, the family of the structure equatidi&z-manifold
has the following forms:

1) dw® = wilw? +B? wAw, + B w,Aw, ;

2) dw, = —wlAwy, + Byfw.Aw? + BgyewP Aw

3) dwf = wilw§ + (2B By, + ALY wAwg + (B“f‘CBd]bh + Ay )wCAw®

+ (Bb}ECBd]ah + Agcd) (UcAwd ’

whergw'} are the components of mixture fo{m}} are the components of Riemannian connection of

metric g, {A%.,,A%* } are some functions on adjoinédstructure space arfd??} are system of
functions which are symmetric by the lower and upper @xicand are called the components of
holomorphic sectional curvature tensor.

Definition 2.3 [10]. A Riemannian curvature tensBrof smooth manifoldZ is an4-covariant tensor
R:T,(M) X T,(M) X T,(M) X T,,(M) - R which is defined by

RX,Y,Z,W) =g(R(Z, W)Y, X),
whereR(X,Y)Z = ([Vx, Vy] — Vixy1)Z; X,Y,Z,W € T,(M) and satisfies the following pro-perties:
1) RIX,Y,Z,W)=—-R(Y,X,Z,W);
2) R(X,Y,Z,W)=-RX,Y,W,2Z);
3) RX,Y,ZW)+RX,Z,W,Y)+R(X,W,Y,Z) = 0;
4) R(X,Y,Z,W)=R(ZW,X,Y).

Theorem 2.4 [11]. In the adjoined;-structure space, the components of Riemannian curvatuser en
of VG —manifold are given as follows:

1) Rapea = 2(Bab[cd] + a[aBb]cd);
2) Rapea = 2Apca ;
3) Rapea = 2(~B " Byeq + e 8y)) ;

4)  Rgpea = AR + B Byye — BBy
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where {a% ,a. , aq, , a%? } are some functions on adjoinéd-structure space such that
da, + a,w’ = alw, + agw?,
And

da® — ot

w? =afw? +a®w
The other components of Riemannian curvature teRsian be obtained by the property of symmetryrfor
Definition 2.5[13]. A tensor of typg2,0)which is defined asg;;- R{‘jk = g"leiﬂ is called a Ricci tensor.

Theorem 2.6 [11]. In the adjoined;-structure space, the components of the Ricci tensbé ehanifold are
given by the following forms:

1_
1) 1= Tn (aap + apg + aqay);
2) 71ap = 3BBg,, — Af + nT_l(a“ab —alay) - %a’hhS{,l + (n—2)a%).
And the others are conjugate to the above components.

3 Main Results

Definition 3.1 [13]. A projective tensor of adH-manifold is a tensaP of type (4,0)which is defined by the
form:

1
Pijig = Rijia + 5 — (rkgji — Ti9u).

where R, ,1;; andg;; are respectively the components of Riemannian curvatoserteRicci tensor and
Riemannian metric.

This tensor has properties similar to the those of Rienian curvature tensor,
i.e. Pijy = —Pjijg = —Pijie = Pruj -

Lemma 3.2. In the adjoined:-structure space, the components of the projectiveoteofl/G-manifold are
given by the following forms:

1) Pabea = 2(Bab[cd] + a[aBb]cd) )

1
2)  Papea = 2Apeq — mrbd% ;

b 2 b
3) Papea =2 (=B Beq + i) + = 1l46));

2n-1 ¢

8)  Papeq = Aje + BBy — BUByS + —— 125
Pr oof .

1) Fori=a, j=b, k=c,andl =d, we have

1
Pabca = Rapca + 1 (Tac.gbd - rbc.gad)-
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According to the equatiof2.1), we get that

Papea = Rapea-

2) Fori=a, j=b, k=c and [=d,we have

1

Papea = Rapea + Py (racpa — TveJaa):
— a

Pavca = Rapea = 5—7"vc0a -

3) Fori=d, j=b, k=c andl=d,we have

1
Papea = Rapea + 5,77 Tac9ba — Thc9ad),

1
= Rapea + m—1 (rca‘scli) - rcb5g)
b
= RdECd + on — 1rL‘[a6d] )

4) Fori=d, j=b, k=cand [=d,wehave
Papca = Rapca + %n 1 (rac9pa — TvcYaa)
= Rapea + 57885 -
Definition 3.3. An AH-manifold is called a projective flat if the projectivaser is equal to zero.

Theorem 3.4. Suppose tha¥ is VG- manifold with flat projective tensor, M is a manifold of flat Ricci
tensor therM is NK- manifold.

Proof. Suppose tha¥ is VG-manifold with flat projective tensor.
Making use of Lemma 3.2. and Definition 3.3, it followsttha
Rapea + 77865 = 0.
According to the Theorem 2.4, we obtain
Agd + BBy, — BB+ —— 125 = 0.
Since M is manifold of flat Ricci tensor, then we deduce
Aj¢ + BBy — BBy = 0.
Symmetrizing and antisymmetrizing by the indgxed), it follows that
—B*pB,d =0,
Contracting the last equation by the indeges) and(d, ¢), we have

—BYByg = 0. ,
BB d=03Y|B"|"=0 o B"=0.

According to the Definition 2.1 we get thitis NK- manifold.
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Definition 3.5 [12]. A Riemannian manifolds called an Einstein manifold, if the Ricci tensotisges the
equation r;; = cg;;, where ¢ is an Einstein constant.

Definition 3.6 [2]. An AH-manifold has/-invariant Ricci tensor, iff cr =10 ].

The following lemma gives the necessary and sufficientitiondor which anAH-manifold hag-invariant
Ricci tensor.

Lemma 3.7 [14]. An AH-manifold hasj-invariant Ricci tensor if and only if, in tlaljoined
G-structure space we have = r,;, = 0.

Theorem 3.8. Suppose tha¥ is VG-manifold with flat projective tensor agidnvariant Ricci tensor. Then
A% = ¢5¢ if and only if, M is an Einstein manifold.

Proof. Suppose tha¥ is VG-manifold with a flat projective tensor.

By using Lemma 3.2., definitio®.3.and theorem 2.4., we have

Agd + BYM By, — BB + —— 1258 = 0. (3.1)
By symmetrization the equation (3.1) by the indifled) we get

A5 45 (B By + B "By, — BUBy ! — BYBy) + 155 = 0.
Antisymmetrizing the last equation by the indi¢gsb) we obtain

A+ =185 =0 (3.2)
Suppose tha¥ is an Einstein manifold, so the equation (3.2) becomes

A3+ = (5258)=0. (3.3)

2n-1

Contracting the equation (3.3) by indeXesb), it follows that

Agd = = (6860)

Aad — —eé‘g
ac = ap-1’
ad — d

ASe = o,

wherec = % is the Einstein constant.
Conversely, by contracting (3.2) by the indeges) we get
1
Age +— @) =0,

4z 4+ £~
ac " op—1 = 7’

‘I"g _ e 6d
—— =—0¢,
2n-1 2n-1

3 = edl.
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SinceM isJ-invariant Ricci tensor, theM is an Einstein manifold.

Theorem 3.9. Suppose tha¥ is VG-manifold with flat projective tensor arieinvariant Ricci tensor, iM is
an Einstein manifold theM is LCK-manifold.

Proof. Suppose tha¥ is VG-manifold with flat projective tensor.

Making use of Lemma 3.2., definitidh3 and theorem 2.4, it follows that
Ag2 + BBy — BByt + —— 168 = 0.

Contracting the above equation by the indexe$), we obtain
A% + BBy — BB + —— 1860 = 0.

Since M is an Einstein manifold, then according to dedinition 3.5, we have

A3d + BBy — BByt + 6060 = 0.
By using theTheorem 3.8ye obtained

—es¢ adh ah p d e od _

py— + BBy, — B*.B,, + 2n—165 =0,

Badhp, .. — BB, 4 =0,
SinceM is VG-manifold, then we have
—B%" By — B"Byd =0 .
Symmetrizing and antisymmetrizing the last equation byirtlexeéa, h), it follows that
—Badhp, =0
Contracting the above equation by the indgxgs), we deduce
B Baap, = 0 = BaanBagn =0 = Yq,anlBaanl* =0 & Bagp = 0.
Therefore, by the definition 2.1 we get théatis LCK-manifold.
There are three special classes of almost Hermitiarifohd which are embodied in the following lemma.
Lemma 3.10 [14]. In the adjoined; —structure space, atH- manifold is manifold of class:
R, ifand only if,Rypca = Rapca = Rabea = 0,
R, if and only if,Rpcq = Rapea = 0,
R; (RK-manifold) if and only if,R4p.q4 = 0.

Similarly, we can give their corresponding according to tlogeptive tensor by the following lemma.
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Lemma 3.11. In the adjoined; —structure space, atH- manifold is manifold of class:
PR, ifand only if,Pypcqa = Papea = Papea = 0,
PR, if and only if,Pypcq = Pspea = 0,
PR;(PRK —manifold) if and only if P4p.q = 0.

Theorem 3.12. Suppose tha¥ is VG-manifold, the classes; and PR5 are coincide if and only iM is
J-invariant Ricci tensor.

Proof. Suppose thaR; andPR; are coincide, then we have

1
———1,.09=0
2n-1 bc”d '

rbc == O
Therefore M is J-invariant Ricci tensor.
Conversely, Suppose th#t is J-invariant Ricci tensor.

Making use of Lemma 3.2., it follows that

1
Pipca = Rapea — —— 105 -
abcd dabcd 2n—1 bcYd

SinceM is J-invariant Ricci tensor, then according to the Lemmang get
Papca = Rapea -

Therefore R; andPR; are coincide.

4 Conclusion

This paper studied the geometrical properties of priggciurvature tensor of Viasman-Gray manifold. We
found out the necessary conditions of flatness of projectimsot, in particular, we found an interesting
theoretical physical application.
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