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1. Introduction

roblems in porous media are essential in the field of petroleum engineering, soil mechanics, power
P technology, biology, material science, etc. Thus, this has attracted the attention of scientists and
mathematicians in particular, see for instance the results in [1-8] and the references cited therein for related
theory of porous-elastic materials. The basic equations describing the motion of a classical porous system are
given by

- S, =0, i 0,L) xR,
{P(Ptt x in (0,L) x Ry )

Jpu —Gx—Q =0, in (0,L) xRy,

where ¢ = ¢(x,t) and p = P(x,t) are the displacements of solid elastic material and the volume fraction,
respectively. The physical parameters p and | are respectively, mass density and product of the equilibrated
inertia by the mass density. The constitutive laws S, G and Q are: stress tensor, equilibrated stress vector and
equilibrated body force, respectively. Time delays occur in systems modeling different types of phenomena in
areas such as: biosciences, medicine, physics, chemical and structural engineering. These phenomena depend
naturally on the present state and past history of the system. It is a well known fact that the presence of a delay
term in a system, which is a priori a stable system, might cause an instability in the system, see for instance, the
result of Nicaise and Pignotti [9]. In past decades, a great number of researchers have investigated the effect of
delay on the stability of various systems or wave equations (with or without memory), see for example [10-15]
and references therein. Back to system (1), we should mention that, there are very few results in literature that
studied the effect of delay on this system. With memory and time varying delay dampings, the constitutive
laws in (1) are given by
S =kex + by,

t
G =0y — /0 gt —s)px(., 5)ds, 2
Q= —box —ap — prtpr — patpi (., £ — (),

where the constitutive physical parameters, k, b, J, a satisfies

k>0,6>0a>0,b*<ka, (3)

11, M2 are real constants, T(t) > 0 is the time-dependent delay and g is a given function to be specified later.
For simplicity, we set L = 1, then substituting (2) into (1), we arrive at the following porous-viscoelastic system
with varying time dependent delay;
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0P — k(Pxx - blpx =0, in (0, 1) x Ry,
Jit — OPxx + by +ap + fot — ) Pxx(x,5)ds + prpr + pope (., t — T(t)) =0, in (0,1) x Ry,
¢x(0,1) = (1, 1) = 9(0,1) = p(1,£) = 0, tERy, €

¢(x,0) = ¢o(x), ¢:(x,0) = ¢1(x), P(x,0) = ¢o(x), ¥1(x,0) = 1 (x), x € (0,1),
Pi(x,t) = fo(x,t), in(0,1) x (—7(0),0).

When g = 1 = yp = 0, Quintanilla [16] investigated

{pcptt — k@yy — by =0, in (0,1) x (0, 400),
Jite — 0Pxx +bpx +ap —ypy =0, in (0,1) x (0, +00),

where y; = 9 > 0 and showed the lack of exponential stability. However, he established a slow
non-exponential decay result. Casas and Quintanilla [17] studied

OP1t — kxx — bipy + B0 =0, in (0,1) x (0,4o0),
JWs — OPyy + by +ap —mb + vy =0, in (0,1) x (0, +c0), (5)
c0r — kO0xx + Poxt + My =0, in (0,1) x (0,+00),

and improved the result in [16] (exponential stability). Soufyane et al., [18] considered (5) with viscoelastic
damping on the boundaries and proved a general decay estimate. Recently, Apalara [19] looked at

PPrt — k@xx — by =0, in (0,1) x (0, 4o0),
Tt — Otpx + by +atp + [ g(t — $)¢prx(x,5)ds =0, in (0,1) x (0, +c0

~—

7

where the memory ¢ satisfies ¢’(t) < —Z(t)g(t) and established a general decay estimate. Feng and Apalara
[20] improved the result in [19] when the relaxation function g satisfies ¢’ (t) < —¢(t)H(g(t)).

For results in porous systems with delay damping, not much has been done in this direction. we refer
the reader to the result of Khochemane et al., [21], where they considered a porous elastic system with weak
internal damping and constant delay damping. Precisely, they studied

{Pq’tt — kxx — bpx =0, in (0,1) x (0, +co), ©
J1e — 6z + b + ap + a(t)g (1) + prtps + paype (., —7) = 0, in (0,1) x (0, +-e0),

and proved a general decay result provided g satisfies

c1ls| < [g(s)] < ealsl, if [s| > ¢,
s2 +¢%(s) < G I(sg(s)), ifls| <e.

Recently, Borges Filho and Santos [22] considered

{P(Ptt —k@xx — by =0, in (0,1) x (0, 400),
Jrr — 0Pxx + by + ap + prPr + popr (., t — 7(t)) =0, in (0,1) x (0, +c0),

and showed that the system is exponentially stable. More related results can be found in [23-27] and references
therein.

The novelty of this work is to study the stability of system (7). In fact, we show that the solution energy
has an optimal decay estimate even in the presence of time varying delay term, from which the results in [21,22]
are particular cases. To the best of our knowledge, system (7) has not been considered before in the literature.
The rest of work is organized as follows: In Section 2, we recall some preliminaries and assumptions on the
memory term. In Section 3, we state and prove several lemmas needed for establishing our main results. In
Section 4, we establish the uniform stability result and in Section 5, we give some examples in support of our
results.
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2. Problem setting and assumptions
In this work, we consider the following system:

PPt — k@xx — by =0, in (0,1) x Ry,

Tt — O + by +ap + [i (£ —8)px(x,8)ds + prgpr + poye (., £ — T(£)) =0, in (0,1) x Ry,
px(0,t) = gx(L,t) = 9(0,1) = y(1,£) =0, teR,, )
¢(x,0) = @o(x), i(x,0) = @1(x), Y(x,0) = ¢o(x), P (x,0) = ¢1(x), x€(0,1),

Pi(x,t) = fo(x,t), in(0,1) x (—7(0),0).

In addition to (3), we need the following:

Assumptions

(A1) The relaxation function g : [0, +00) — (0, 4+0) is a C! non-increasing function and satisfies

—+o0
¢(0) >0, 6 — /o g(s)ds =1>0. 8)

(A2) There exists a C!—function M : [0, +c0) — [0, +c0), which is either linear or is a strictly increasing and
strictly convex C? function on [0,a], « > 0, « < g(0), with M(0) = M’(0) = 0, such that

g'(t) < —&(HM(g(t), V=0, ©)

where ¢ is a positive non-increasing differentiable function.
(A3) There exist 19, 71 > 0 such that

O<tm<t(t)<mh, Vt>0. (10)

(A4)
T(t) € WT*(0,T) and T'(t) <d <1, Vt,T > 0. (11)

(A5) The real constants y1 and iy satisfies |pp| < p1v1 —d.
From (A1) and (A2), we can deduce the following:
(I) It follows from (A1) that tlim g(t) = 0. Thus, there exists tp > 0 large enough, such that
—00

g(to) =a and g(t) <a, V>t (12)

(I) Since g and ¢ are positive, non-increasing and continuous functions, in addition to M being a positive
continuous function, it follows that, for all ¢ € [0, ¢o],

0 < g(to) < g(t)
0 <¢(to) <¢(8)

for some positive constants 1 and ;. Hence,

¢(H) < —E(OM(g(t) < —gfg)gm) < —gfg)gu» Ve [0t (13)

(Ill) M has an extension M, which is a strictly increasing and strictly convex C? function on (0, ). As an
example, given that M(a) = a;, M'(a) = a; and M”(«) = a3, then we can define M by
M(t) = LIZ—St2 + (ap — aza)t + <a1 + az—szxz - azoc), V> a. (14)

From now on, C denotes a positive constant that may change within lines or from line to line. We denote
by ||.||2 the usual norm in L?(0, 1) and define the following spaces:

L2(0,1) = {w € L%(0,1): /Olw(x)dx = 0}, HL(0,1) = HY(0,1) N L2(0,1),
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and
H2(0,1) = H2(0,1) N H.(0,1).

Let W = (q)/ (Pt/IPrI/Jt)/ WO - (4)0/ (/’1/1/70/1/71) and set H= Hi(ol]‘) X Lgk(oll) X Hé(O,l) X L2(0,1), Hl -
HZ%(0,1) x HL(0,1) x H(0,1) N H}(0,1) x H}(0,1). We have the following well-possedness result, which is
obtained by using the Classical Faedo-Galerkin method.

Theorem 1. Suppose assumptions (A1) — (A5) hold. Let Wy € H and fo € H'((0,1) x (—7(0),0)), then (7)
possesses a unique weak solution W € C([0,+o00), H). Moreover, if Wy € Hy and fo € H2((0,1) x (—=7(0),0)), then
the solution is more reqular in the class W € C([0, +c0), H1) N CY([0, +0), H).

We recall the following useful lemmas that will be applied repeatedly throughout this article.

Lemmal. Letw € leoc

([0, +00), L2(0,1)), we have

¢ 2
| 1 ( | st =s)() - w(s))ds) dx < (1-1)(gow)(t), (15)
and : )
[ ([ o) ax < g 6
where (gow)(t) = [3 g(t —s)|lw(t) —w(s)|3ds.

Lemma 2. Let w € H}(0,1), then

1 t 2
[ (f st =9w —w(s))ds) 4 < (1~ D(gow)(1), a7
where C, > 0 is the Poincaré’s constant and (g o w) fo (t—s)|lw(t) — w(s)||3ds.

Lemma 3. Let (¢, ) be the solution of (7). Then, for any 0 < a < 1, we have

/01 (/; (t—s) (x(s) — 1,L7x(t))ds)2dx < Ag(hoty)(t), (18)

where h(t) = ag(t) —g'(t) and An= [’ %d&

Proof. Cauchy-Schwarz inequality gives

[ (s pnar) ae [ (/ S ) ) i)
: (/0 ds)/o /Oh(f—s) (Px(s) — x(t))? dsdx

= Au (o) (B). (19)

O

Lemma 4 (Jensen's inequality). Given that G is a convex function on [a,b], f : Q0 — [m,n] and h are integrable
functions on Q), q(x) > 0, and [, q(x)dx = ¢ > 0, then

6|3 [ smaas] < [ Glrtolacoas
3. Strategic lemmas

For convenience, we will denote the norm || - [[;2(g) and the inner product (.,.);2(g,1) of the Lebesgue
space L?(0,1) by || - || and (., .) respectively. The constants ¢ > 0 and C > 0 are generic constants which may
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change in value from one line to the other or within the same line. We define the energy functional of problem
(7) as

k i a 1 t
E(t) :§|\¢t||2+§||<ox||2+fu¢tu2+f\|¢||2+ 3 (6 [ 56)as) lyul?
1 é —A(t—s) 2
+ 5o px)(t) +b{gx, ¥ 9 (s)|I°ds, (20)
where ¢ > 0 is a constant to be specified later, see [28] and A > 0 satisfies

0<A< — loge<|y |\/1 d), (21)

and (g o x)(t) = Jo &t —5) [ px(t) — px(s)[ds.

Lemma 5. Assume the conditions (A1) — (A5) hold. Then, the energy functional (20) satisfies

(¢ o)~ 580wl = (5= 5) lyul?

N\*—‘

E,( )
g —A\T] ]Jl2,
_ [26 AT (1 — d) 2;1] e (t — (1))

t
_AL e M) [y (s)|2ds <0, VE >0, 22)
2 Ji—1(p)

Proof. Differentiation of (20) gives
d
E'(t) =p(@t, pie) + K(@x, pat) + T, 1e) + alip, o) + b (9, )

+30 (1 /Otg<s>ds) s O] + 5 55 g0 )0
+ Ll - Lo 1 — /(1) [t — ()

_ =05 gy s) s, (23)
2 Ji—1()

Also, multiplying (7); by ¢y, (7), by ¢, integrating over (0, 1) and adding the two equations, we get
P10+ Kl ) + 10,90+ al,0) + 05 (o + 5. | (1= [ 8908 ) I + 3 50 )
= (8 o9 — Ol ()2 ealn(e), (e — (1)), @)
Young’s inequality yields
a0t = ) < B+ L2 = <0 P, 5)

Substituting (24) into (23) and taking into account (25), assumptions (A3) and (A4), we get
1 1
E(1) < 58090~ 58Ol - (5 - 5) Iwil?

T 3 ~ 2 AL s 2
L1 —a) m]nwt(t W= [ el e

From condition (21), we can select { > 0 so that

2 AT
payet
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Hence, (22) follows from (26) by virtue of (A1) — (A2) and (27). This completes the proof. [

Lemma 6. Let ty > 0. Then, the functional Fy(t) = —]fo Pt fo (t —s) (p(t) — ¢(s)) dsdx along the solution of (7)
forany €1, e, > 0and 0 < o < 1 satisfies the estzmate
J&o
Fi(t) <— %Ill[}tll2 +erl|gxll? + e2llpx 1 +eslll® + Cllge (t — (1)) |
1 1 1
+ CAq <1+ +€+€> (hoty)(t), V>t (28)
2 €3

Proof. Differentiating Fj, using (7), and integration by parts, we get

R =1 ([ 8 Iyt~ 1 [ v /tg’(t—s) (9(6) - p(s)) dsdx
< / ds)/ l[)x/ (t —5) (Px(t) — Px(s)) dsdx

+/ (f (t=s) <>—¢x<5>)d5) dx+b/01<vx/0tg<t—s)<¢(t>—¢<s>>dsdx

I Iy

+a/ 1/1/ (t—s) dsdx+;41/ l[Jt/ (t—s) —(s)) dsdx

Is Ie

1 t
e [t =) [ 8t =9) (9(8) = p(s)) dsdx. 9)

I

Using Cauchy-Schwarz, Young’s and Poincaré’s inequalities, Lemmas 1- 3 and similar computations as in (19),
we estimate I; — I as follows:

h=1 [0 [ 0 9) (9l0) — p(s))dsd
o [0 [ 5l 5) (0le) — () ddx
; 2
<D+ £ [ ([ 1= o) - pis) ds) ax
t

2
to ([ st 0 - piends) o

Iog C /[t A
<Pl S ([ mos) thow) )+ S22 hop) (0
1% C(Ax+1
S%HlPtHz + (;1> (hoyy) (¥), forany oq > 0, (30)
,  CAq
I <eq||yx|” + — (hoyy)(t), for any e; > 0,
I3 <Aq (h © ¢x) (t)/
,  CAq
Iy <er||l@x|I” + . (hoyy) (1), for any e; > 0,
Is <es||y||* + % (h o y) (1), for any €3 > 0,
el + 2 (o) (1), forany o1 >0,

I; SEHlPt(t—T(t))HZ-i-%(hogbx)(t), for any o3 > 0.
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Substituting the estimates in (30) into (29), we arrive at

t
R <= (7 [ 56— e ) Il + enlll? + exllol? + exllol?

1 1 1 1
rCa (14 ot ot ot o) (o) 0+ Pt~ )P 61

From (A1), we have that ¢(0) > 0 and g is continuous. Therefore, for t > t;, > 0, we obtain

t to
/o g(s)ds > /0 g(s)ds = go > 0. (32)

]g

Thus, we select o7 = 222 to get (28). This completes the proof. O

Lemma 7. Let (¢, ) be the solution of Problem (7). Then, the functional F,(t) = —p f01 @rdx satisfies the estimate
F(t) < —pllgel® + Cllgx|* + Cllgx?, vt >0. (33)

Proof. Differentiation of F,, using (7); and integration by parts, we obtain

1
B(t) = —plloul +kllgxl+0 [ gupax.

Applying Young’s and Poincaré’s inequalities, we obtain (33). This completes the proof. [

Lemma 8. The functional F5(t) = ]fo Prpdx + be fo ¥ [y ¢t(y)dydx along the solution of problem (7) for any e4 > 0
and 0 < a < 1 satisfies the estzmate

l
B0 == sl (a5 ) Il +eslont?+ +¢ (14 1)
+CAy (o ypy) (1) + Cliyn(t — (1) |%, ¥Vt > 0. (34)
Proof. Differentiation of F3, using (7) and integration by parts leads to

, iz bo 1 ¥
B0 =Tl = olll? = (o= ) 112+ [ [ o

Ig
1 t 1 1
[ o [ st = o)pe(epdsdx — g [ pgidx—pa [ (e~ w(0)ax. )

Iy o I

Using Cauchy-Schwarz, Young’s and Poincaré’s inequalities together with Lemmas 1— 3, we have

e ? ((Z
o< e ([ otnay) arr GE Il
bp
< el + X P, for any ey >0, 6)

o= [ [ st (o)~ p dseon ([ o)) ol

t 2
< ([ s+ )||¢x||2+ /(/ (4) ((5) — 9ul0)) s )
t
< (/0 g(s)ds + ) |w]|? + (hOlPx)(t), for any oy > 0, (37)
ho < Zlwsl?+ ’“W for any o3 > 0, (38)
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and

2
Iy < 2|y + ?HwafTu»W,mrwy@>o. (39)

Substituting (36)—(39) into (35), we arrive at
/ ! 2 b? 2 2
F5(t) = — 5—/0 g(s)ds — oz ) [[9xll” = (@ — 2 | [9lI” +eall gt

2
+<p+$? )n¢w 2 o) () + L2 yute — <) (40)

to obtain (34). This completes the proof. [J

N~

We choose 0, =
Lemma 9. Assume % = % Then, the functional

Fy (1) |b|(5p/ tprdx + bU /01 Proydx |b‘p/ / (t — s)Px(s)dsdx,

along the solution of (7), for any €5 > 0and 0 < « < 1 satisfies the estimate

/ b
E(1) < ||M&W+fﬂWA2+C(1+ )H¢d2+CwH2+CWmU—T(DW

L C(Ae+1)
€5

(41)
(hoty) (1), ¥t > 0.

Proof. Differentiating Fy, we get

blo b b 1
Fy(t) :|ZJ|TP A @1t Pxdx +|b‘kp A tlpxtdx‘f'ﬂ/ Prrpxdx

|b|]/ Pryrdx — ||‘0/ (ptt/ (t — s)x(s)dsdx

Iblp |blp
/ got/ s)dsdx — bkg )/0 Prxdx.

Using these equations in (7) and integration by parts, we arrive at
bl bl (¢ 1
am—ﬂme+J(Pﬂ)/%wwwwmw
b 1
B e B g g

|b|a/¢ dx ——/ l[)x/ (t — 8)tp (s)dsdx

|b|p/ (Pt/ g s)dsdx — |pr8( )/0 Prprdx.

; k )
Using the fact that p = ], weget

b|o bla 1 b 1
mwz—wwmhi%%wW—%}/¢%w—%?/¢wmx

|b|Pl2/ it (pxdx_f/ ¢x/ (t — s)ipx(s)dsdx

b
| |p/ /g (t — s)Px(s)dsdx — |prg( )/0 Prpxdx . (42)

Ge
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Applying Cauchy-Schwarz, Young’s and Poincaré’s inequalities, taking into account Lemmas 1— 3, h = ag —
¢', we have for any 03,€5 > 0

C
<G loel+ Zlipel? (43)
C
<Floel+ il (44)
C
<Floel + it = eI (45)
b b t 2
G <l + 3 [ ([ 5 =909s6) — pu(oits + [ sasyut)) an
b b t b
Bt 2 ([ 90009 puts) e D
b b
< (B PO s By oy ), (46)

Ib!p/ / (t— 8) (¢ (s lpx())dsdH'pr(/O s)ds)/olwlfxdx
Iblpoc/ / (£ — 8) P (s)dsdx

€5, 12 ! ? Clpi2
<t S [ ([ 0= 9 = ul0s) et Sl

c sl t 2
= ([ ste= 99 = putords s [ gtorspaln)) o
€5 J0 0
36’ C(Ax+1
<2 g+ Sl + LA 0 gy 1), @
and c
€
Go < Dlgrll2+ = gl 8)
€5
Substitution of (43) — (48) into (42) yields
N 2, (Iblép  C bl  plG-1* C 2
() == (b= o) sl + (2 + =+ B+ PO 2
C C C(Ax+1
sellgl?+ Sl + it - )P+ (At LD oy o)
3 03 €5
Finally, we choose 03 = |2£| to obtain (41). This completes the proof. [J
—+00
Lemma 10. The functional F5(t fo f(t —s)|[wx(s)||?ds, where f(t) = / ¢(s)ds, along the solution of (7)
t
satisfies the estimate
1
F5() <300 = Dllyl3 = S(g o) (1), ¥t > 0. (50)

Proof. Differentiation of F5 and using the fact that f'(t) = —g(t) lead to

t
5() :/O (8 =) llx(s)[2ds + £(0) [l
5 1 t
== (o) O+ FOlIPsl? =2 [ [ 0t =5) (9x() = po()) dsd.
Cauchy-Schwarz inequality and condition (A1) give

Jo 8!

=2 [ [ (0-5) (0u(9) — () st < 266 -1l + LELE g0 ) 1) < 26D+ S g0 1)
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Therefore,
F(t) <2(6 -1 ||1Px||2—*(gol/fx) ()1l
Since f'(t) = —g(t) <0, it follows that f(t) < f(0) = 6 — I. Thus, we have

Fi(1) < 3(5 ~ DIl — 5 (g0 92)(6), V£ >0
O
For the next lemma, we consider the Lyapunov functional K defined by
K(t) = NE(t) + N1 Fi(t) + N2 Fo(t) + N3Fs(t) + NaFa(t), (51)
where N, N;, j =1,2,3,4 are positive constants to be specified later.

Lemma 11. Assume % = % Then, for suitable choice of N, N;, j = 1,2,3,4, the Lyapunov functional K along the
solution of (7) satisfies the estimate

/ 1
K'(8) <= B (il + Noxll? + el + 2+ 1917) + 5 (g0 92) (8),V £ = 1o (52)

for some B > 0and K ~ E, that is
a1E(t) < K(t) < apE(t), VE>0 (53)

holds for some w1, ay > 0.

Proof. Using (51) and recalling that h(t) = ag(t) — ¢'(t), then Lemmas 6—10 yields, for all t > t,

N4 |b|
2

N 1
- [ B2 s (14 1) - ] l?

- [I\;Sl — NoC — Njep — NyC (1 - elr)ﬂ ]l = [Nsy1 — Nes] [lw]l* + % (go9s) (1

K'(t) < — [Nap — Naes — Nyes] [lgu]> [ _NyC —Nlez} l9:]?

NAg t “A(t—
- N33 = NiC = NC = il [t = w0 = 52 [ e o) P

N 1 1 1 N,

2
where 1 = (a — %) >0, 72 = (% — %) >0, 73 = <ge”1(1 —d) — 2};121> > 0 by virtue of (3) and (27).

Next, we choose
N3l Nylb| _ Nsm P 4

N = 1 = —_— = = —_— = —_—
2=l e =y 0= N, €3 N, 7 €4 Ny €5 iN, (55)

and (54) becomes

Nylb N 4N;
K0) <= lont? = [ = | oul— [N+ M08 - s (14208 - ] yol?

N3l 4N, N
- [B- me (14 58 ] ot - M

— [N73 = (N1 + N3 + Na) C] [ (¢ — (1) ||?

Ne ~ NAZ —A(t—s) 2
# 5 gopd (0= "8 [ NI P

N 4N; 4N} 2N N2
[2 CAq ( <1+N31+ AL + Nm) +N3+? (hoy) (t).
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Now, we choose the remaining constants: First, we select Ny so that

b
Nalbl o, (56)
4
Then, we choose N3 large enough such that
Nzl 4N,
43—N4c<1+p4)—c>0. (57)

Hence N3 and Ny are fixed, we choose Nj large so that

nggo N, (1 + 4PN3> ~ N,C > 0. (58)
We have that %0 — _a2°(s) < g(s). Thus, using the dominated convergence theorem, we get
h(s) ag(s)—=g'(s) ' ’ ’
+o0
lim #A, = lim L(s)/ds — 0. (59)
a—0 a—0Jo  ag(s)—g'(s)

Thus, there exist 0 < ag < 1 such that for all 0 < a < &y, we have
1

4N; | 4N, | 2N N

nA, <

(60)

Finally, we choose N so large and take o = ﬁ Such that

Nvys— (N1 + N3+ Nyg)C >0,

N 4N; AN 2N N2 (61)
—CA< (1+1+ Lt 1)+1\@,+p‘*>>o.

2 N3l Ngfb| ~ N3m

The analysis from (55) — (61) yields (52). Applying Young’s, Cauchy-Schwarz, and Poincaré’s inequalities, we
obtain (53) easily. This completes the proof. [

4. Main stability result
The main stability result of the work is the following:

Theorem 2. Assume % = § and (A1) — (A5) hold. Then, there exist Ay > 0,A > 0 such that the solution energy

(20) satisfies
t
E(t) < AM; (/\1 /t g(s)ds),w > to, 62)

where My (t) = [/ M, G )ds and M is a strictly decreasing and strictly convex function on (0, r] with lim_,o M1 (t) =
+-00.

Proof. From (13) and (22), we have V t > t;
fo _ ANV _8(0) fho _ a2 !
J) ONpe(t) = gt —)Pds < 552 [T G)9x(0) — ult = )Pds < ~CE'0). (69)
Thus, (52) and (63) implies
K'(1) < —7E() + 5(30 9) (1) < —nE(1) +3 L 8Os = (e =) P,
for some 77 > 0. Let K1 = K+ CE ~ E, by virtue of (53), it follows that

Ki() < <10 + 5 [ SOlpale) = it =5) s, ¥t > 1 (64)
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To complete the proof, we divide it into two parts:
Case 1: when M(t) is linear. Multiplying (64) by ¢(t), keeping in mind (22) and (A2), we get

SOKI(1) < — 1 (DE() + 54(1) / S(E)9s(t) — gt —s) s

<- +3 / (5)19(6) =t =) s
< —ng(t)E(t) — 2 s) |9 (t) lPX(t_S)HZdS
< —n&(t)E(t) — CE' ( ), V>t (65)

From (A2), ¢ is non-increasing, thus, we get
(CKy +CE)'(t) < —nZ(HE(t), Vt>t, (66)

and
¢Ki+CE ~E. (67)

Since K ~ E, thus, setting Ky (t) = &(¢)Ky(t) + CE(t), there exists #1 > 0 so such that

Kj(t) < —y&(HE(t) < —mE(t)Ka(t), Yt > to. (68)

Integration of (68) over (tg, ) and recalling (67), we obtain

E() <A /f s Ay (Az J JC(S)dS) '

Case 2: when M(t) is nonlinear. In this case, we consider K(t) = K(t) 4+ F5(t). Then, Lemmas 10 and (52)
yield for some d > 0

K'(t) < —dE(t), Vt > tg. (69)

It follows that d ft s)ds < K(tg) — K(t) < K(to), from which we get

—+o0
/ E(s)ds < oo. (70)
0
From (70), we can define p(t) by p(t) := @ fto |l (t) — ¥y (t — 5)||?ds, where 0 < @ < 1 so that
p(t) <1,Y > t. (71)

Furthermore, we assume p(t) > 0 for all t > fy; otherwise, it follows from (64) that the solution energy is
exponentially stable. Also, we define the functional q(t) by q(t - f 108 (S)lx(t) — u(t —s) |?ds and it’s
easy to see that q(t) < —CE'(t), V t > ty. From (Ay), M is str1ctly convex on (0,7] (where r = g(tp)) and
M(0) = 0, this implies

M(0s) <OM(s), 0<0<1 ands € (0,r]. (72)

Using (71),(72), assumption (A2) and Jensen’s inequality, we have

10 = oo [ PO )@l (6) — e —5) P

M(g(s))@llx(t) — x(t — 5)|*ds

v Y

m

— —_
L S5~ 5
=
—~
~~
~—
SRy
—
~—

\ \/

S [ MOOSE)@Ip) (e =) s
( / s)[[px(t) lpx(ts)|szds>
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_ Wy <a> /t:g(s)h/)x(t) — px(t - s)||2d5> : 73)

@
where M is the convex extension of M on (0, +o0), see (14). From (73), we have
f 1 coq(t))
1) — Py (t —)||%ds < =M 1( ]
[ ) 6) =l =) < S ( S5ES
Thus, (64) gives

K. (t) < —qE(t) + CM ! (‘%‘25?) V>t (74)

Let rg < r to be specified later and define the functional K3 by K3(t) := M’ (ro E(( 3) Kq(t) 4+ E(t) ~ E(t). Since

Ky ~ E. Using (74) and recalling that E'(t) <0, M'(t) > 0, M"(t) > 0, we have for all t > t;

K50 = o (k) K6+ 8 (o) ) K30+ E'C)

E(O
<t (o) o (o) (1) 60

Now, we consider conjugate of M denoted by M* define in the sense of Young, see Arnold [29] page 61-64,
define by
M (s) = s(M')7(s) — M [(M')(s)] (76)

and M* satisfies the Young’s inequality

XY < M*(X) + M(Y). (77)
Setting X = M/’ (m%) and Y = M~! ( %) then (22) and (75)—(77) yield for all t > t,
K4(t) < —nE(t)M’ (ro ;%3) +CM* (M’ (rog((é))» + nggg + E'(t)

< —yE(t)M’ (rog(((t)))> + CroE(((t)))M’ <r0£((é))> + nggg +E'(t). (78)

Now, multiplying (78) by ¢(#) keeping in mind that ro 1 (( )> <rand M’ ( %) =M (ro%) , We arrive at

0K (0 < ~nEEOM (1
< —ng(HE(t)M <r0> +Cr0—og(t)M’ (rog((éD — CE'(t). (79)
We set Ky (t) = (t)Ks(t) + CE(t) ~ E(t) since K3 ~ E. Thus there exist ng, n1 positive such that
noKa(t) < E(t) < mKa(t). (80)
Therefore, estimate (79) yields

Ky(t) < —(7E(0) — wawﬁ%aw (ogggg) e

We choose 1y < r small enough so that 7E(0) — Crp > 0 to arrive at

Ky(t) < —rlzé(t)E(((t)))é(f)M’ (@8) — pE()My ((O)) ey 81)
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for some constant 77, > 0 and M(s) = sM/'(rps). We note that M (s) = M’ (ros) + rosM” (rgs), hence, the strict
convexity of M on (0, 7], yields M(s) > 0, Mj(s) > 0 on (0,r]. Let R(t) = ng E(( )) Using (80) and (81), we
obtain

R(t) ~ E(t), (82)

and

R0 = g < —pe(IMR(), V> 1o, (59

for some 773 > 0. Integration of (83) over (to, t), gives

' tR/(s) 1 Rt 1
ds < — — 7 ds=— ds, 84
n [ €0 < = | R s o (84)

from which we get

R(t) < ! M <173 /té(s)ds> ,  where M;(t) = /tr le’(s)dS' (85)

Using properties of M, we easily see that M is strictly decreasing function on (0, 7] and tlimo M (t) = +o0.
—
Therefore, (62) follows from (82) and (85). This completes the proof. [J

Remark 1. The stability result in Theorem 2 is general and optimal in the sense that it agrees with the decay
rate of g, see [30], Remark 2.3.

—~>
~

Corollary 1. Suppose % = $,and (A1) — (A5) hold. Assume the function M in (Ay) be defined by H(s) = sF, p > 1,
then there exist Ay, Ay, C > 0 such that (20) satisfies

Az exp (—)\1 /Ot{,‘(s)ds> , forp=1,
E(t) < < - forp > 1. (86)

<1+ /tot §(s)ds> "

5. Examples

(1). Let g(t) = vye "2, + > 0, v1, 1, > 0 and v is chosen so that (A7) holds. Then, ¢'(t) = —vjpe 2! =
—1,M(g(t)) with M(t) = t. Thus, from (62), the solution energy (20) satisfies E(t) < Ce™, ¥Vt > 0,
where A = 1pA4.

). Let g(t) = ue=(1+1)°, 2 0, u >0, 0 < v <1are constants and u is chosen such that (A;) holds. Then,
g () = —uv(1+ )7 e~ (1HD° = _&(H)M(g(t)), where &(t) = v(1+t)?~! and M(t) = t. Thus, we get
from (62) that E( ) < A2e’)‘1(1+t)v Vt>0.

(3). Let g(t) = (1+t)v' t >0, u>0,v>1are constants and u is chosen such that (A1) holds. We have

o+1

gt) = W = —6( T+ ) ©o= —Zgh(t) = —EM(g(t)), where M(t) = t/, p = “H satisfying
1< p<2and ¢ = % > 0. Hence, we deduce from (86) that E(t) < (1ft),,, Vi>0.

u
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